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Questions:

1. How to reconstruct quantum mechanics from classical
conditional probabilities?

2. How quantum mechanics is situated within the non-
commutative representations of conditional probabilities?

3. Can the specific quantum mechanical representation
within this broader frame be traced back to empirical
facts or is partly conventional?




Strategy:
s Constructing a simple toy-model

» Representing the model
» quantum mechanically
s In a general noncommutative way

» Adding extra empirical facts to the model such that the
representation conforms to quantum mechanics




» Consider a box filled with balls. Denote the preparation
of the box by s.

o Three measurements:

a. Color measurement
b: Size measurement
c. Shape measurement

» [Two possible outcomes:

At Black A~ White
BT: Large B~: Small
C*: Round C—: Oval




» Conditional probabilities:

pcsz pS(Ai\a)
pbi - ps<Bi‘b)
p? p8(0i|c)
» Task: represent the above empirical facts by linear

operators.

s Question: does the representation conform to quantum
mechanics?




» Representation:

System
Measurement: a
Outcomes: A*
State: s

H: Hilbert space

O, self-adjoint operator
P!: projections

W density operator

LD

o Born rule:

ps(Alla) = Tr(W,P?)




» Representation of yes-no measurements:

System — G,
Measurement: « — O,=ac acR’ |a]=1
o= (0g,0y,0;)
Outcomes: AT — PFf=1(1+a0)
State: s — Wy;=3(1+s0) seR3 |s|<1
's| = 1: pure, |s| < 1: mixed state

o Born rule:

ps(A%|a) = Tr(W,PF)




» Representation of the toy-model:

System — (s

Color:a — O, =ac

Size:b — Op=Dbo

Shape: ¢ — O.=co
Black/White: A* — PFf=1(1+a0)
Large/Small: B+ — P"=1(1+bo)
Round/Cubic: C* — Pf=1(1%co)
State: s — W, =3(1+s0)




o Born rule:










» Representation of the toy-model:

System — (s
Color:a — O, =ac
Size:b — Op=Dbo
Shape: ¢ — O.=co
Black/White: A* — PFf=1(1+a0)
Large/Small: B+ — P"=1(1+bo)
Round/Cubic: C* — Pf=1(1%co)
State: s — W, =7




» Measurement-operator assignment:
{a,b,c} — {a, b, c}
» Proposition:
pf,pf,pf & a,b,c — Wi
s Specifically:

(rd —3)(b x )+ (py —3)(exa)+(pd — 3)(axb)

S —




» Question: How to fix
{a,b,c} — {a,b,c}

such that W, becomes a density operator (that is |s| < 1)?
» Strategy: Enrich the model by further details

1. Performing a fourth measurement

Performing joint measurements

Measuring two systems

Symmetry considerations?

Adopting the projection postulate

Assuming elements of reality

Adopting the projection postulate and assuming elements of reality

N o O &~ DN




1. Performing a fourth measurement




1. Performing a fourth measurement

 Z » d: weight measurement
» p7: conditional probabilities




1. Performing a fourth measurement

 Z » d: weight measurement
» p7: conditional probabilities




2. Performing joint measurements




2. Performing joint measurements
s Commensurability:

pfbi = pg(AjE A Bi\a A D)

» Representation of four outcomes:

System: — C4
Measurement: a Ab — Oy
Outcomes: A A B* — PI*

State: s — W/

s Bornrule: piht =Tr(W.PLF)




3. Measuring two systems




3. Measuring two systems

| £ :pf,pgk,pf&a,b,c:Ws




3. Measuring two systems

| £ :pf,pgk,pf&a,b,c:WS

+ It 4+
s p.o o, & a b e = Wy




3. Measuring two systems

| £ :pf,pf,pf&a,b,c:Ws

+ It 4+
s p.o o, & a b e = Wy

gps + (1 —q)plF
s qpy+(1—qp;" & a b,c
gps + (1 —q)plF




3. Measuring two systems

| £ :pf,pf,pf&a,b,c:Ws

+ It 4+
s p.o o, & a b e = Wy

gps + (1 —q)plF




4. Symmetry considerations?




4. Symmetry considerations?
» Representation of the spin

Spin measurement in directiona — O, = ac
Outcomes: AT — PFf=3(1+a0)

» Representation of a rotation group




4. Symmetry considerations?

AZ




5. Adopting the projection postulate




5. Adopting the projection postulate

» How many of the balls first measured to be black will turn
out to be large for a second, size measurement?




5. Adopting the projection postulate

tz » Pre-measurement state: W,




5. Adopting the projection postulate

t 2 » Pre-measurement state: W,
» Post-measurement state: Pf

S=a




5. Adopting the projection postulate

tz » Pre-measurement state: W,
» Post-measurement state: P

» Probability of outcome B™:

S=a

1
v Pyer = WP B)) = 5(1+ab)




5. Adopting the projection postulate

tz » Pre-measurement state: W,
» Post-measurement state: P

» Probability of outcome B™:

S=a

1
y Dpjgr = BT = 5 (1+ab)

+
clb+

» Suppose that p[jai, pljci, D
are empirically given




5. Adopting the projection postulate

bz

1

+

Pigs = 51+ (£1-£1)ab)
1

+

Py = 5(1+(:|:1-:|:1)ac)
1

+

ph. = (14 (+1-%1)be)

2




6. Assuming elements of reality




6. Assuming elements of reality
s Element of reality:

pS<Ai‘a/\C¥i) = 04t
ps<a/\ai) — ps(a)ps<a

» Consequence:

Ds (Ai a) = pS(@i)




6. Assuming elements of reality




/. Adopting the projection postulate and assuming elements
of reality




/. Adopting the projection postulate and assuming elements
of reality

» Requirement:

pE = pla®) = 5(1+5a)
Py = pol0¥5) = S(1+ (21 £1)ab)
» Can be satisfied if
s Lab,c or allbl|c

s But there is no restriction to the length of s!




s Question: Is quantum mechanics the only possible way
to represent an empirically given set of classical
conditional probabilities in a noncommutative way?

s Strategy:
s Constructing a simple toy-model
s Representing the model in a general noncommutative
way
s Adding extra empirical facts to the model such that
the representation conforms to quantum mechanics

s Answer: Empirical facts do not restrict the representa-
tion to be quantum mechanical. The quantum mecha-
nical representation is, at least partly, conventional.
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