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Local causality

Rédei, 2014: Local causality “is not a single property a
physical theory can in principle have but an intricately
interconnected web of features.”
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Local causality

Bell, 1990: “A theory will be said to be locally causal if the
probabilities attached to values of local beables in a
space-time region VA are unaltered by specification of
values of local beables in a space-like separated region VB,
when what happens in the backward light cone of VA is
already sufficiently specified, for example by a full
specification of local beables in a space-time region VC .”

p(A|C ∧ B) = p(A|C)
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Project

I. What is a local physical theory?

II. Accounting for correlations in local physical theories

III. On Miklós’ comment on Bell’s local causality
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I. What is a local physical theory?
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I. What is a local physical theory?

M: globally hyperbolic spacetime

K: covering collection of bounded, globally hyperbolic
regions ofM

(K,⊆): directed poset
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I. What is a local physical theory?

Local physical theory (LPT): a net V 7→ A(V ) satisfying
isotony and microcausality.
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I. What is a local physical theory?

Isotony: if V1 ⊂ V2, then A(V1) is a unital subalgebra of
A(V2)
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I. What is a local physical theory?

Microcausality: if V1 ⊂ V ′
2, then [A(V1),A(V2)] = 0
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I. What is a local physical theory?

Classical local theory: commutative local algebras

Quantum local theory: noncommutative local algebras

A: quasilocal algebra

φ: state

– p. 10



I. What is a local physical theory?

Example:
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II. Accounting for correlations in LPTs
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II. Accounting for correlations in LPTs

Correlation: φ(AB) 6= φ(A)φ(B)
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II. Accounting for correlations in LPTs

Common cause: partition {Ck}k∈K of the unit

φ(CkABCk)

φ(Ck)
=

φ(CkACk)

φ(Ck)

φ(CkBCk)

φ(Ck)

Commuting / Noncommuting common cause:
{Ck}k∈K is commuting / not commuting with A and B

– p. 14



II. Accounting for correlations in LPTs

Common cause:
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II. Accounting for correlations in LPTs

Weak common cause:
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II. Accounting for correlations in LPTs

Bell’s local causality:
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II. Accounting for correlations in LPTs

“It is important that region VC completely shields off
from VA the overlap of the backward light cones of VA
and VB.”

– p. 18



II. Accounting for correlations in LPTs

Bell’s local causality:
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II. Accounting for correlations in LPTs

Bell’s local causality:
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II. Accounting for correlations in LPTs

Bell’s local causality:
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II. Accounting for correlations in LPTs

VC is a shielder-off region:

L1 : VC ⊂ J−(VA)

L2 : VA ⊂ V ′′
C

L3 : VC ⊂ V ′
B

– p. 22



II. Accounting for correlations in LPTs

d-separation:
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II. Accounting for correlations in LPTs

“And it is important that events in VC be specified
completely. Otherwise the traces in region VB of causes
of events in VA could well supplement whatever else was
being used for calculating probabilities about VA.”

The screener-offs are atomic events.

– p. 24



II. Accounting for correlations in LPTs

Definition. A LPT is called (Bell) locally causal, if

for any pair of projections A ∈ N (VA) and B ∈ N (VB)

supported in spacelike separated regions, and

for every locally normal and faithful state φ

establishing a correlation between A and B,
φ(AB) 6= φ(A)φ(B), and

for any spacetime region VC satisfying L1- L3, and

for any atomic event Ck in N (VC):

φ(CkABCk)

φ(Ck)
=

φ(CkACk)

φ(Ck)

φ(CkBCk)

φ(Ck)

– p. 25



III. On Miklós’ comment on local causality

– p. 26



III. On Miklós’ comment on local causality

Bell’s local causality:
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III. On Miklós’ comment on local causality

C “determines” A:
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III. On Miklós’ comment on local causality

C “is independent of” B:
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III. On Miklós’ comment on local causality

Let A(VC) and A(VB) be local C∗-algebras with VC ⊆ V ′
B.

Due to microcausality, [A(VC),A(VB)] = 0.

C∗-independence: for any state φC on A(VC) and φB on
A(VB) there exists a state φ on A such that φC = φ|A(VC)

and φB = φ|A(VB).

Schlieder property: if 0 6= C ∈ A(VC) and 0 6= B ∈ A(VB),
then CB 6= 0.

Intersection property: A(V1) ∩ A(V2) = A(V1 ∩ V2) holds
for spacelike separated regions:
A(V1) ∩ A(V2) = A(∅) := C1A.

Algebraic Haag duality: A(V ′)′ ∩ A = A(V ), V ∈ K

– p. 30



III. On Miklós’ comment on local causality

Local primitive causality: A(V ) = A(V ′′) for any V ∈ K

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

V

V"

– p. 31



III. On Miklós’ comment on local causality

Proposition:

Any atomic LPT satisfying local primitive causality is
locally causal.
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III. On Miklós’ comment on local causality

Stochastic Einstein locality: φ|A(VC) = φ′|A(VC) =⇒

φ(A) = φ′(A)
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III. On Miklós’ comment on local causality

Stochastic Einstein locality follows from local
primitive causality and vica versa (if the set of states
are separating).

– p. 34



III. On Miklós’ comment on local causality

Relativistic causality: φ(CkADCk)
φ(Ck)

=
φ(CkACk)

φ(Ck)
φ(CkDCk)

φ(Ck)
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III. On Miklós’ comment on local causality

Relativistic causality: φ(CkABCk)
φ(Ck)

6= φ(CkACk)
φ(Ck)

φ(CkBCk)
φ(Ck)
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III. On Miklós’ comment on local causality

Independent evolution: φ(CkDlABCkDl)
φ(CkDl)

=
φ(CkACk)

φ(Ck)
φ(DlBDl)

φ(Dl)
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Conclusion

Rédei, 2014: “Relativistic locality is not a single property
a physical theory can in principle have but an intricately
interconnected web of features. Each of those individual
features expresses some important aspect of relativistic
locality, and a physical theory can in principle have some
of these features but not others. A physical theory is in
full compliance with relativistic locality if it possesses all
the features in this web however – in this case the
physical theory is fully compatible with the causal
structure of the underlying spacetime.”

– p. 38
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II. Bell’s local causality in a LPT

Complete specification of beables in a region V ∈ K:

φ(X) 7→ φT (X) :=
φ ◦ T

(φ ◦ T )(1)

by a completely positive map T on the quasilocal
observables obeying the following properties:

P1 : the restriction of φT to the local algebra N (V ) is
pure,

P2 : BT (1) = T (B) = T (1)B hold for local observables
B supported in V ′.

– p. 40



II. Bell’s local causality in a LPT

Definition. A LPT is called (Bell) locally causal, if

for any pair of projections A ∈ N (VA) and B ∈ N (VB)

supported in spacelike separated regions, and

for every locally normal and faithful state φ

establishing a correlation between A and B,
φ(AB) 6= φ(A)φ(B), and

for any spacetime region VC satisfying L1- L3, and

for any operation T obeying P1 and P2

φT (AB) = φT (A)φT (B).

– p. 41



III. Other locality and causality concepts

Local primitive causality: holds in deterministic LCTs

+
+−

−

– p. 42



III. Other locality and causality concepts

Local primitive causality: does not hold in stochastic
LCTs

+
+−

+−

– p. 43



III. Other locality and causality concepts

Remarks:

Local primitive causality is a dependence relation.
Local causality is an independence relation.

Local primitive causality does not rely on the notion of
state, it is exclusively a property of the net.
Local causality does depend on the state.

– p. 44



III. Other locality and causality concepts

Similarities:

1. Both local causality and the CCPs are properties of a
LPT represented by a net {N (V ), V ∈ K}.

2. The core mathematical requirement of both principles is
the screening-off condition:

φ(CkABCk)

φ(Ck)
=

φ(CkACk)

φ(Ck)

φ(CkBCk)

φ(Ck)

3. Bell’s inequalities can be derived from both principles.
(But see below.)

– p. 45



III. Other locality and causality concepts

Differences:

1. For local causality the screening-off condition is required
for every atomic event. For the CCPs it is required only
for events of one partition.

2. For local causality the screening-off condition is required
only for atomic events. For the CCPs one is looking for
nontrivial common causes.

3. For local causality screener-offs are localized
’asymmetrically’ in the past of VA (or VB). For the CCP
they are localized ’symmetrically’ in the joint / common
past of VA and VB.

– p. 46



III. Other locality and causality concepts

Stochastic LCT Theory of causal graphs

covering collection K causal graph G

spacetime regions vertices

. . . arrows

. . . parents

. . . descendants

shielder-off region d-separating set

– p. 47



III. Other locality and causality concepts

Covering collection K

– p. 48



III. Other locality and causality concepts

Causal graph G

– p. 49



III. Other locality and causality concepts

VC is shielding off VA from VB

V V

V

A B

C’

– p. 50



III. Other locality and causality concepts

C is d-separating A from B

A B

C’

– p. 51



III. Other locality and causality concepts

A path P: A→ B ← C ← D → E → F

FB

CA

D

E

– p. 52



III. Other locality and causality concepts

A path P: A→ B ← C ← D → E → F

Three types of vertices:

Common effect (collider): A→ B ← C

Common cause: C ← D → E

Intermediary cause: D → E → F

– p. 53



III. Other locality and causality concepts

A path P: A→ B ← C ← D → E → F

Three types of vertices:

Common effect (collider): A→ B ← C

Common cause: C ← D → E

Intermediary cause: D → E → F

Idea:

Only common causes and intermediary causes transmit
causal dependence; colliders do not.

Conditioning on non-colliders blocks, conditioning on
colliders introduces causal dependence.

– p. 54



III. Other locality and causality concepts

A path P: A→ B ← C ← D → E → F

The causal dependence between A and B is blocked by
a set S on P if there is

at least one non-collider in S, or

at least one collider E such that either E or a
descendant of E is not in S.

For example:

S = {B,C} is blocking, since C is a non-collider in S

S′ = {B} is not blocking, since there is no collider
outside S and non-collider inside S′

– p. 55



III. Other locality and causality concepts

The two vertices are d-separated by S if causal
dependence is blocked on every path connecting them.

Denotation: A⊥⊥dB |S

Bayesian networks: all probabilistic independencies are
implied by the Causal Markov Condition via
d-separation:

A⊥⊥dB |S =⇒ A⊥⊥pB |S

The causal graph is faithful if

A⊥⊥dB |S ⇐⇒ A⊥⊥pB |S

– p. 56



III. Other locality and causality concepts

A and B are d-separated by C:

A B

C

– p. 57



III. Other locality and causality concepts

A and B are d-separated by C′:

A B

C’

– p. 58



III. Other locality and causality concepts

A and B are not d-separated by C′′:

A B

C’’

– p. 59
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