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» Bohr, 1949:
... the impossibility of any sharp distinction
between the behavior of atomic objects and the
interaction with the measuring instruments which
serve to define the conditions under which the
phenomena appear.



» Bell, 1964:
The result of an observation may reasonably

depend not only on the state of the system
(including hidden variables) but also on the
complete disposition of the apparatus.



» Shimony, 2009:

A non-contextual hidden variables model
postulated that an isolated physical system is
characterized by a complete state )\, which is the
compendium of the real properties of the system
at a definite time — the prototype being a point in
the Gibbsian phase space of a classical
mechanical system. When )\ is given, then the
result of measuring any property A of the system
at the given time by an ideal measuring apparatus
(one that introduces no distortions due to its own
imperfections) is a function A(\). The outcome of
the measurement is assumed to be independent
of other properties B, C, ... that may be measured
simultaneously with A, and indeed such an
independence may be tacitly assumed to be
intrinsic to the ideal character of the
measurement process.



Measurement
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System: S
States (preparations): s, r...
Measurements: a,b. ..
Outcomes: A/, B/ . ..



» Are the measurements repeatable?
» Is the system the same in the repeated measurements?



» Conditional probabilities:

p(A'lans)
p(BbAT)



» Commensurable measurements: can simultaneously
(jointly) be performed in every single run of the experiment

» It is a physical question which measurements are
commensurable.



» Suppose that a and b are commensurable.
» Conditional probabilities:

p(A'ABlanbAs)



» Disturbing measurements:

p(Alans) # p(AlanbAs) for some s, i



» Two strategies:

1. Purification: aAb, —-anb, an-b, -an-b
2. Leaveitasis: a,b



» Statistically identical measurements:
p(Alans) = p(B|bAs) forall i and s

(Here one assumes a bijection between the index sets {i}
and {j}.)



» Statistically identical and non-disturbing are independent
notions.



Hidden variables



» Hidden variables (elements of reality, ontological states,
properties / propensities): A\, X', . ..



Preparations: s, r ...

Measurements: a, b ...

Al




Preparations: s, r ...

Distributions:

p(Als)
p(AIr)

Measurements: a, b ...

Responses:

p(Alan )
p(B/bAN)



Preparations: s, r ...

Distributions:

p(Alan s)
PABAF)

Measurements: a, b ...

Responses:

p(A'lans Ay
p(B/Ib AXA Ny



Preparations: s, r ...

Distributions:

p(Als)
p(AIr)

Measurements: a, b ...

Responses:

p(Alan )
p(B/bAN)



Preparations: s, r ... Measurements: a, b ...

A
Distributions: Responses:
p(Als) p(Alan i)
p(Alr) p(B[bAA)

Deterministic HVs (properties):

p(AllanA),p(BlbAN)--- € {0,1} for all A



Preparations: s, r ...

Distributions:

p(Als)
p(AIr)

No-conspiracy:

Measurements: a, b ...

Responses:

p(Alan )
p(B/bAN)

p(anr) = p(a)p(})
p(bAX) = p(b)p(})



Preparations: s, r ... Measurements: a, b ...

A
Distributions: Responses:
p(Als) p(Alan i)
p(Alr) p(B[bAA)

Surface probabilities:

p(Alans) = /A p(Allan \) p(A[s) dX



Preparations: s, r ...

Distributions:

p(Als)
p(AIr)

Measurements: a, b ...

Responses:

p(Alan )
p(B/bAN)



Preparations: s, r ...

Distributions:

p(Als)
P(A[r)

Measurements: a, b ...

Responses:
p(Allan\)

p(B|b A N)
p(A'ABlanbA))



Preparations: s, r ... Measurements: a, b ...

Al
Distributions: Responses:
p(Als) p(Alan )
p(Alr) p(B[bAN)

p(A'ABlanbA))

Surface probabilities:

p(A A BllanbAs) = /p(A" A Bllan baA) p(As) dA
A



Non-contextuality



» Non-contextuality (Spekkens, 2017):

... an ontological model of an operational theory is
non-contextual if two experimental procedures that are
statistically indistinguishable at the operational level
are statistically indistinguishable at the ontological
level.

p(Alans)=pBlbrs) =  p(Alar))=p(B|bAN)
forall i and s forall i and A



» Non-contextuality:

p(Allan\)=p(AlanbAa))  foralli,a band X



» Non-contextuality:

p(Alan ) =p(Alanba))  foralli,aband A

» Non-disturbance (no-signaling):

p(Allans)=p(AlanbArs) foralliabands



» Non-contextuality:

p(Alan ) =p(Alanba))  foralli,aband A

» Screening-off:

p(A'ABlanbAX) =pAlarA)p(Bba))  foralli,a b,



» Non-contextuality + determinism —- screening-off

» Non-contextuality + screening-off + no-conspiracy —-
Bell’s inequality



A non-contextual, indeterministic HVM for QM



» Quantum mechanical representation:

System: S — H: Hilbert space

State: s,r — &, p: density operators
Measurements: a,b... — @a,b...: self-adjoint operators
Outcomes: A, B/... — A B’...: spectral projections




» Born rule:

Tr(6A) = p(Alans)
TH(pB) = p(BbAT)
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States (preparations): {6} quantum states
Hidden variables: A = {IA-"@} pure quantum states
Distribution: p(P,|6) = [, p(¢')6(P, — P)dy'
where & = [, p(g@')Pcd dy’

Response: p(Allan P,) = Tr(ﬁ’g,Ai)

Surface probabilities:

pK1ana) = [ p(KlanP,)p(P, o)y = Tr(oR)



» If aand b are commensurable, then [4, b] = 0, then
Tr(P,A'B) is defined

> Response: p(A' A BllanbAP,) =Tr(P, A'B))



» Non-contextual:

~ N

p(AllanP,) =Tr(P,A") ZTr (P,A'B)

=> p(ArBlanbAP,) :p(A’\a/\b/\Pw)
j

» Spekkens’ non-contextuality analytically holds.



» Indeterministic:
p(Allan P,) =Tr(P,A") ¢ {0,1}
» Non-screener-off:
p(A'ABlanbaP,)=TrP,AB)
T(P,A)T(P,B) = p(A|an P,)p(B/b A P,)



(1.0.1) (LL.1)

(0,0.1) (0,1.1)

4.0) (1,1,0)

(0.0.0) (0.1,0)



Non-contextuality is the independence of responsiveness
of the measurement outcomes for the HVs of other
measurements.

QM does have a non-conspiratorial, non-contextual,
indeterministic HYM (namely QM itself, in a certain
interpretation).

QM has no non-conspiratorial, non-contextual,
deterministic (that is a property) HVM since such a model
implies Bell’s inequality.

QM neither has non-conspiratorial, non-contextual,
screening-off HVM since such a model also implies Bell’s
inequality.



The Peres-Mermin square



aiq aisz as

as1 as2 a3

asq asp ass



a1 a2 a3
o1 aoo an3

asq asz ass

> Ai/i' = +1 outcome of g



atq

as1

as1
Exp(aijagjas) 1

> Ai/i' = +1 outcome of g

a2

aso

asp

a3

a3

ass

Exp(aiapajs)



» Exp(ayt1aipaiz) =1 for all s:

jo]

(AT1 /\ATZ /\AT3|311 N a2 A\ asz A\ S)
,D(A;i'1 /\A1_2 /\A1‘3|a11 A a2 N\ aiz N\ S)
(A;1 /\A;z /\AT3|a11 Aaja AaigA\Ss)
(A?1 /\A1+2 /\A;3|a11 Aaja AaigASs)

T ©

p(Af; ANAL ANAGla Aa Aaig As)
P(Af; N A, AAfla Aaiz Aaig As)
P(A7; AN AL ANAfla Aaip AaigAs)
P(AT; AN AL ANAGlan Aae AaigAS)

+ o+ o+
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HVs: A
Distribution: p(\|s)
Response: p(Af; A AL, A Ala A aip Aaiz AN
Surface probabilities:
P(AT NAL ANAGlan Aa AaigAs) =

//\,O(Ait1 VAN Aitz VAN A?S\aﬁ A a2 A\ aiz A\ )\) ,O()\’S) ax



» Exp(ai1aipaiz) =1 + HVs:

P(A{; A Al A Ajlars
P(Af A A A Agglars
PAT; A Ay A Ajglars
PAT; A Afp A Ajglars

PAT; A Al A Ajglars
P(AT; A A A Ajglars
(AT A AT, N Aflars
P(AT; N AR A Aglars

for all \

Aapz AaigAA)
/\312/\313/\)\)
/\812/\313/\)\)
/\312/\313/\)\)

Aap A aizAA)
Aag AaigAN)
Aaiz AaigAN)
Aag AaigAN)

+ o+ o+



» Marginals:

p(Aﬁ|a11 Aaiz AaigAA) :Z,D(Aﬁ /\Al1(2 AA{|3‘811 A a2 A aizg AN
K=+

» Non-contextual HVs:
p(Aﬁ|a11 Aap A aizAA) :p(A1i1|a11 A A) for all A
» Deterministic HVs:

P(AT, A AR NAGlan Aaip Aag AX) € {0,1}  forall A



» No non-contextual, deterministic HVs:

1 1 1
1 1 1
1 1 £17?

Exp : 1 1 —1

Exp :



» There exists (contextual) deterministic HVs:

arq ai2 ais
a1 ao2 ao3
asq az2 as3
1 1 -1

p(AT; ANAL ANAfla A a Aaig AN)
P(A3; A AS, N Alant A azp A axg A N)
(A3 AA§2/\A33|331 Aagp Aaz AN)
P(AT; ANAS AN AL lar A aoy Aagt AX) =
( )
( )

jo]

p A+2 /\A+2 /\A32‘312 A& A ags A A
p A1_3 /\A23 /\A33\a13 A asz A\ asz A

—_ = A A

for all A



» There exists (contextual) deterministic HVs:

ai

as1

as4

» Deterministic:

p(A1i1 /\AE /\A%‘aﬁ A a2 N\ ais N\ )\) € {0, 1}

» Contextual:

a2

aso

asp

a3

a3

ass

p(A;ﬁ ’311 A a2 A\ ag A )\) #* ,O(Aﬁ ‘311 A /\)

for all A

for some )\



» There exists non-contextual indeterministic HVs: namely

the quantum states {p} on H> ® H, with the following

observables:
oz ®1 1®o0; 0z R0z
1R o0y ox ®1 ox ® Ox
0z & 0x Ox Q 0z oy Koy
1 1 -1

,O(AT1 /\ATZ/\ATSIan /\312/\313/\p) ( )
P(AT; AN A A AGlar Aae Aais Ap) ( )
p(Ay NAL ANAGlait Aaiz AaisAp) = Tr(pPf @ Py)
P(A7; A AL A Afla Aaie A ais Ap) ( )



» There exists non-contextual indeterministic HVs: namely

the quantum states {p} on H> ® H, with the following

observables:
o1 1R o0, 07 R0z 1
1® o0y ox ®1 Ox @ 0y 1
07 R0y ox ® 0z oy ® oy 1

1 1 -1
» Indeterministic:
p(A]i_1 AN A?Q VAN A;Z‘aﬁ A a2 N\ ais N p) = Tl’(p P;_ & P;_) §é {0, 1}
» Non-contextual:

p(qu]an A a2 N\ a3 /\p) = ,O(ATHQH /\P) = Tr(ij ® 1)



» Non-contextuality + determinism —- screening-off

» Non-contextuality + screening-off + no-conspiracy —-
Bell’s inequality



