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Contextuality

“A noncontextual hidden variable model of quantum theory is
one wherein the measurement outcome that occurs for a
particular set of values of the hidden variables depends only on
the Hermitian operator associated with the measurement and
not on which Hermitian operators are measured simultaneously
with it. For instance, suppose A, B and C are Hermitian
operators such that A and B commute, A and C commute, but
B and C do not commute. Then the assumption of
noncontextuality is that the value predicted to occur in a
measurement of A does not depend on whether B or C was

measured simultaneously.” (Spekkens, 2005)
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Operational theory

v

System: S

v

States (preparations): s, r. ..

v

Measurements: a,b. ..

Outcomes: A/, B/ . ..

v

v

Conditional probabilities:

p(Allans)
p(B/lbAT)

v

sk is an eigenstate if:  p(A’laA sh) =1



Quantum mechanical representation

System: S H: Hilbert space

State: s, r &, p: density operators

A~

Measurements: a,b. .. ,b .. self-adjoint operators

Outcomes: A/, B/ . ..

llll

- f"b ... spectral projections

» Born rule:

T(6Py) = p(Alans)
T(pP,) = p(BlbAT)



Hidden variables

» Hidden variables: A

v

State: s —  distribution: ps())

v

Response: p(Allan ), p(BlbAN), ...

v

Deterministic hidden variables:

p(Alan)), p(BlbAX) €{0,1}  forall A

v

Consistency:

Tr(6A") = p(Allan s) = /Ap(Af|a A ) ps(X) dA



Hidden variables

Al A2 A3

Bl B2 ' B3



Hidden variables
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Hidden variables

P=P » Empirical content of P} = B}

p(Allans) =p(B'|bAs)

\ forall s
Pb
s SRS » Specifically, there exists an s’
8 p’ eigenstate such that:
P 2 :.F d
o/ 1) p(Allans')=p(B'bArs') =1



Hidden variables

Al A2 A3

Bl B2 ' B3



Spekkens’ assumption

p(Alans)=pB|bAs) =  p(Alar))=p(B|bA))

forall s for all A



Kochen-Specker argument

Al A2 A3

BI B2 ' B3



Kochen-Specker argument

» There is no deterministic (!) hidden variable theory

satisfying Spekkens’ assumption



If Spekkens’ assumption fails

A3

B! i B2

B3



Contextuality

» Calling Spekkens’ assumption contextuality is a misnomer
» Itis an Ockham razor assumption
» |t is not contextuality that a system can respond differently

to different measurements (even if their surface statistics

are the same)
» Spekkens’ assumption does not express noncontextuality

but simply restricts the range of preparable states

» Thus, the Kochen-Specker-arguments are not arguments
for contextuality but against the existence of certain

preparations



“measured simultaneously”

» [a,b]=0 <~  aand bare measured
simultaneously
Eg. [6x®6x,6,26,]=0

» [a,b] =0 = for any outcome A’ there is at least
one outcome B/ (and vica versa) with a common

eigenstate s/, :

p(Alansy,) =p(BbAsy,) =1



“measured simultaneously”

gl g12 g22 g 32
Al A2 A3

B3



“measured simultaneously”

c;]] S 12 5 72 S 32
Al f A2 Z' A3
B]: B 3 : B3



“measured simultaneously”

gll g12 g22 g 32
J_‘ ‘ ‘ | A
— } a
Al A2 A3
R : b
I Bl BzQ B3
: C]]=C]=.> C22= C32= C33 tc

» If (!) there exists a ¢ measurement represented by €, then

p(Allan s) = p(f ' (A)cAs) for all s



“measured simultaneously”

Al AZ Al
D! D2 D3
d gl 'E2] E2 ; E32 : g3

» [a,d|=0 <= thereis an & such that

N

a=he) and d=i(e)



“measured simultaneously”

i a
Al A2 A3
H d
DI D2 D3
: gl ?Ezj B2 £ : IEE 1€

» If (!) there exists an e measurement represented by €, then

p(Allans)=p(h~'(A)ens) for all s



“independent”

» Applying Spekkens’ assumption: if
p(Alan s) = p(f ' (A)cAs)=ph(A)ens) for all s
then

p(Alan \) = p(f 1 (A)c AN =ph ' (A)|eAN) for all A
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Exp :
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O—z®0—z +1
Ox ® 0y +1
O'y®0'y +1



“value”

» Value: specifying A which further specifies the outcomes
(A B ..}
» Equivalently: vy : {4,b,...} — {Eig;(a), Eig;(b),...}



FUNC

» Value: A — {A B, ...}
> Valuation: vy : {&,b,...} — {Eig;(a), Eig;(b), ...}
» FUNC:ifa,b,... is a set of mutually commuting operators,

then

(fovs)(@,b,...)=(vsof)(ab,...) for all s



