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Main message

» There are no Kochen-Specker arguments providing a
state-independent (“algebraic”) proof for quantum

contextuality.
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Project

1. Operational theories
2. Mermin square
3. Quantum mechanical representation

4. Spekkens’ condition



Operational theory

v

States (preparations): s, r...

v

Measurements: a,b. ..

Outcomes: A’ B/ . ..

v

v

Conditional probabilities:

p(Alans)
p(B/|bAr)



Simultaneous measurability

» It is a physical question!

» Conditional probabilities:

p(A'ABlarbAs)



Hidden variable model

» Hidden variables: A

» Distribution:  ps()\) forall s

» Response: p(Allar)), p(A'ABlanbA)... forall X
» Deterministic:  p(Alan ), p(A'ABlarnbA).. € {0,1}

pAlans) = [ p(Alan)ps()on

p(AABlanbar) = /p(Ai/\B/\aAbA)\)p,()\)d)\
A



Noncontextuality

p(Alan ) =p(Alanba))  foralli,aband A



Mermin square



Mermin square

a b
d e
g h

» Outcomes: A* Bt C*, .. = +1



Mermin square

a b c
d e f
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» Conditional probabilities:

PXEAYEANZE XAy AZAS)

for all s



Mermin square

a b c
d e f
g h i

» Support:

PIXEAYEANZEIXAYyAZAS)#0

forall s



Mermin square Product:
a b c 1
d e f 1
g h i 1
Product: 1 1 —1

» Support:

PXEAYEANZE XAy AZAS)#£0  forall s



Mermin square Product:
a b c 1
d e f 1
g h i 1
Product: 1 1 —1

» Hidden variables:

PXEAYEAZEIXAYyAZAN) A0 forall A



Mermin square Product:
a b c 1
d e f 1
g h i 1
Product: 1 1 —1

» Noncontextual and deterministic:

PXEXx AN p(YEly AN p(ZE[zAN) =1 forall A



Mermin square Product:

—1 1 +17 1

Product: 1 1 —1

» Noncontextual and deterministic:

PXEXx AN p(YEly AN p(ZE[zAN) =1 forall A



Quantum mechanical representation

System: S —— H: Hilbert space
State: s,r — ps, pr: density operators
Measurements: a,b... —» 4,b...: self-adjoint operators
Outcomes: A B ... — ; Isjb... : spectral projections
» Born rule:
T(psPy) = p(Alans)
Ti(p Py) = p(BlbAr)

Tr(psPLB,) = p(AAB|anbAs)



Mermin square
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Mermin square

G311 1263
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» Quantum probabilities:

for all s



Mermin square

G301 164
:|\®5'1 (o ®1\
63 ® 64 61® 63
» Support:
~ AT at At
Tr(psPy P, P;) #0

for all s



Mermin square

31 1® 63 O3 ® 03
1® 64 11 01 Q 01
O3 ® 64 g1 R b3 G0 R 6o

» Conditional probabilities:

) Z PXEAYEAZEX Ay AZAS) for all s



Mermin square

S3 A1 1AS3 S3 A\ S3
1A 8y St A1 S1 N\ S
S3 A\ Sy S1 N\ S3 So A\ So

» Conditional probabilities:

)=PpXEAYEAZEIXAYAZAS) for all s



Mermin square

S3 A1 1AS3 S3 A\ S3
1A 84 AN S1 NS
S3 A\ S S1 A\ S3 So A\ So

» Conditional probabilities:

)=PpXEAYEAZEIXAYAZAS) for all s



Commutativity

» If X, y and z are commuting, then there is an operator ¢

and three functions f, g and h such that

X=1€), §=g@ and 2=nhE)



Assumption 1

» There exists a measurement c represented by the operator

c.



Mermin square

Sz A1 1A 83
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Mermin square

S3 A1
1A 84
S3 A\ S

f/(C/)

1AS3

St A1

S3 A\ S3
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Mermin square

Sz A1 1A 83 f(c)
1A S St A1 g(c)

f(c’) g(c)  hlc)H(c)



Mermin square
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Assumption 2:  Spekkens’ condition

p(Alans)=p(Bbrs) =  p(Aland)=p(B|bAN)

forall s for all A



Mermin square

S3 A1
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Kochen-Specker argument

v

Noncontextuality

Determinism

v

v

Existence of extra measurements

v

Spekkens condition

Contradiction

v



Conclusion

» KS arguments are said to provide an algebraic proof for
quantum contextuality.

» However, the arguments standardly assume that
commuting operators represent simultaneous
measurements.

» | know of no KS argument in which all commuting set of
operators would represent simultaneous measurements.

» To get the contradiction, one needs to postulate extra
measurements and assume Spekkens’ condition.

» But then the no-go results can be blocked by giving up

these extra assumptions.



Remarks

» There are KS arguments where all but one commuting sets
of operators represent simultaneous measurements

(GHZ-argument).

» Here one circumvents the problem of commeasurability by

preparing the system in an eigenstate.

» These arguments provide a state-dependent proof for

quantum contextuality.



Remarks

» But even in these KS arguments commeasurability is

guaranteed by spacelike separation of the measurements.
» Thus the only form of contextuality | know is nonlocality.

» Does there exist a KS argument in which commeasurability
is not guaranteed by spacelike separation but a detailed

physical description of the measurement processes?



Remarks

» The so-called functional composition rule (FUNC) does not
play a role in the Kochen-Specker arguments.

» More on that: Gabor Hofer-Szabd, "Commutativity,

commeasurability, and contextuality”



GHZ argument
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Hidden variable model

p(A'lans)
p(BbAT)
p(A'ABlanbAs)



Hidden variable model

pAlans) = [ p(Alani) (3
pBIbAY = [ p(BIoAN) (M)A

p(AI A BilanbAs) :/p(Ai/\Bj|a/\b/\)\)ps()\)d)\
A



Hidden variable model

TR = p(Alans) = /A P(Allan \) ps(A) dA
TP = pBlbAr) = /A P(B/Ib A \) pr(N) dA

T(pPPL)Y = p(AABlanbns) :/p(Ai/\Bj|a/\b/\)\)ps()\)d)\
A



