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Main message

Three types of Kochen-Specker arguments:

Type I: where all commuting subsets represent

simultaneous measurements

Type II: where all but one commuting subset represent

simultaneous measurements (GHZ argument)

Type III: where there is more than one commuting subset

not representing simultaneous measurements

(original Kochen-Specker argument,

Peres-Mermin square, ...)



Main message

Type I: I am not aware of any argument of this type

Type II: They provide only a state-dependent argument

Type III: They are inconclusive since they need to invoke

an extra assumption (Spekkens’ condition) which

is different from noncontextuality



Project

1. Operational theories

2. Peres-Mermin square

3. Spekkens’ condition



Operational theory

◮ States (preparations): s, r . . .

◮ Measurements: a,b . . .

◮ Outcomes: Ai ,Bj . . .

◮ Conditional probabilities:

p(Ai |a ∧ s)

p(Bj |b ∧ r)

. . .



Simultaneous measurability

◮ It is a physical question!

◮ Conditional probabilities:

p(Ai ∧ Bj |a ∧ b ∧ s)



Ontological model

◮ Ontic states: Λ

◮ Distribution: ρs(λ) for all s

◮ Response: p(Ai |a ∧ λ), p(Ai ∧ Bj |a ∧ b ∧ λ) . . . for all λ

◮ Deterministic: p(Ai |a ∧ λ), p(Ai ∧Bj |a ∧ b ∧ λ)... ∈ {0,1}

◮ Consistency:

p(Ai |a ∧ s) =

∫
Λ

p(Ai |a ∧ λ) ρs(λ)dλ

p(Ai ∧ Bj |a ∧ b ∧ r) =

∫
Λ

p(Ai ∧ Bj |a ∧ b ∧ λ) ρr (λ)dλ

. . .



Noncontextuality

p(Ai |a ∧ λ) = p(Ai |a ∧ b ∧ λ) for all i ,a,b and λ



Ruling out noncontextuality

Support (presheaf):

a 7→ {Ai | p(Ai |a ∧ s) 6= 0 for some s}

a ∧ b 7→ {Ai ∧ Bj | p(Ai ∧ Bj |a ∧ b ∧ s) 6= 0 for some s}

. . .

Valuations:

a 7→ Ai such that p(Ai |a ∧ λ) = 1

a ∧ b 7→ Bj such that p(Ai ∧ Bj |a ∧ b ∧ λ) = 1

. . .

A necessary condition: all valuation should be a global section

of the presheaf



Peres-Mermin square

a b c

d e f

g h i



Peres-Mermin square

a b c

d e f

g h i

◮ Outcomes: A±,B±,C±, ... = ±1



Peres-Mermin square

a b c

d e f

g h i

◮ Conditional probabilities:

p(X± ∧ Y± ∧ Z±|x ∧ y ∧ z ∧ s) for all s



Peres-Mermin square

a b c

d e f

g h i

◮ Support:

p(X± ∧ Y± ∧ Z±|x ∧ y ∧ z ∧ s) 6= 0 for all s



Peres-Mermin square Product:

a b c 1

d e f 1

g h i 1

Product: 1 1 −1

◮ Support:

p(X± ∧ Y± ∧ Z±|x ∧ y ∧ z ∧ s) 6= 0 for all s



Peres-Mermin square Product:

a b c 1

d e f 1

g h i 1

Product: 1 1 −1

◮ Ontic states:

p(X± ∧ Y± ∧ Z±|x ∧ y ∧ z ∧ λ) 6= 0 for all λ



Peres-Mermin square Product:

a b c 1

d e f 1

g h i 1

Product: 1 1 −1

◮ Deterministic:

p(X± ∧ Y± ∧ Z±|x ∧ y ∧ z ∧ λ) = 1 for all λ



Peres-Mermin square Product:

a b c 1

d e f 1

g h i 1

Product: 1 1 −1

◮ Noncontextual:

p(X±|x ∧ λ)p(Y±|y ∧ λ)p(Z±|z ∧ λ) = 1 for all λ



Peres-Mermin square Product:

1 −1 −1 1

−1 −1 1 1

−1 1 ±1? 1

Product: 1 1 −1

◮ Noncontextual and deterministic:

p(X±|x ∧ λ)p(Y±|y ∧ λ)p(Z±|z ∧ λ) = 1 for all λ



Quantum mechanical representation

System: S −→ H: Hilbert space

State: s, r −→ ρ̂s, ρ̂r : density operators

Measurements: a,b . . . −→ â, b̂ . . . : self-adjoint operators

Outcomes: Ai ,Bj . . . −→ P̂
i

a, P̂
j

b . . . : spectral projections

◮ Born rule:

Tr(ρ̂s P̂
i

a) = p(Ai |a ∧ s)

Tr(ρ̂r P̂
j

b) = p(Bj |b ∧ r)

Tr(ρ̂s P̂
i

a P̂
j

b) = p(Ai ∧ Bj |a ∧ b ∧ s)

. . .



Peres-Mermin square

â ≡ σ̂3 ⊗ 1̂ b̂ ≡ 1̂ ⊗ σ̂3 ĉ ≡ σ̂3 ⊗ σ̂3

d̂ ≡ 1̂ ⊗ σ̂1 ê ≡ σ̂1 ⊗ 1̂ f̂ ≡ σ̂1 ⊗ σ̂1

ĝ ≡ σ̂3 ⊗ σ̂1 ĥ ≡ σ̂1 ⊗ σ̂3 î ≡ σ̂2 ⊗ σ̂2



Peres-Mermin square

â ≡ σ̂3 ⊗ 1̂ b̂ ≡ 1̂ ⊗ σ̂3 ĉ ≡ σ̂3 ⊗ σ̂3

d̂ ≡ 1̂ ⊗ σ̂1 ê ≡ σ̂1 ⊗ 1̂ f̂ ≡ σ̂1 ⊗ σ̂1

ĝ ≡ σ̂3 ⊗ σ̂1 ĥ ≡ σ̂1 ⊗ σ̂3 î ≡ σ̂2 ⊗ σ̂2

◮ Quantum probabilities:

Tr(ρ̂s P̂
±

x P̂
±

y P̂
±

z ) for all s



Peres-Mermin square

â ≡ σ̂3 ⊗ 1̂ b̂ ≡ 1̂ ⊗ σ̂3 ĉ ≡ σ̂3 ⊗ σ̂3

d̂ ≡ 1̂ ⊗ σ̂1 ê ≡ σ̂1 ⊗ 1̂ f̂ ≡ σ̂1 ⊗ σ̂1

ĝ ≡ σ̂3 ⊗ σ̂1 ĥ ≡ σ̂1 ⊗ σ̂3 î ≡ σ̂2 ⊗ σ̂2

◮ Support:

Tr(ρ̂s P̂
±

x P̂
±

y P̂
±

z ) 6= 0 for all s



Peres-Mermin square

â ≡ σ̂3 ⊗ 1̂ b̂ ≡ 1̂ ⊗ σ̂3 ĉ ≡ σ̂3 ⊗ σ̂3

d̂ ≡ 1̂ ⊗ σ̂1 ê ≡ σ̂1 ⊗ 1̂ f̂ ≡ σ̂1 ⊗ σ̂1

ĝ ≡ σ̂3 ⊗ σ̂1 ĥ ≡ σ̂1 ⊗ σ̂3 î ≡ σ̂2 ⊗ σ̂2

◮ Conditional probabilities:

Tr(ρ̂s P̂
±

x P̂
±

y P̂
±

z )
?
= p(X± ∧ Y± ∧ Z±|x ∧ y ∧ z ∧ s) for all s



Peres-Mermin square

s3 ∧ 1 1 ∧ s3 s3 ∧ s3

1 ∧ s1 s1 ∧ 1 s1 ∧ s1

s3 ∧ s1 s1 ∧ s3 s2 ∧ s2

◮ Conditional probabilities:

Tr(ρ̂s P̂
±

x P̂
±

y P̂
±

z ) = p(X± ∧ Y± ∧ Z±|x ∧ y ∧ z ∧ s) for all s



Peres-Mermin square

s3 ∧ 1 1 ∧ s3 s3 ∧ s3

1 ∧ s1 s1 ∧ 1 s1 ∧ s1

s3 ∧ s1 s1 ∧ s3 s2 ∧ s2

◮ Conditional probabilities:

Tr(ρ̂s P̂
±

x P̂
±

y P̂
±

z ) = p(X± ∧ Y± ∧ Z±|x ∧ y ∧ z ∧ s) for all s



Commutativity

◮ If x̂, ŷ and ẑ are commuting, then there is an operator ĉ

and three functions f , g and h such that

x̂ = f (ĉ), ŷ = g(ĉ) and ẑ = h(ĉ)



Assumption 1

◮ There exists a measurement c represented by the

operator ĉ.



Peres-Mermin square

s3 ∧ 1 1 ∧ s3 s3 ∧ s3

1 ∧ s1 s1 ∧ 1 s1 ∧ s1 c

s3 ∧ s1 s1 ∧ s3 s2 ∧ s2

c′



Peres-Mermin square

s3 ∧ 1 1 ∧ s3 s3 ∧ s3 f (c)

1 ∧ s1 s1 ∧ 1 s1 ∧ s1 g(c)

s3 ∧ s1 s1 ∧ s3 s2 ∧ s2 h(c)

f ′(c′) g′(c′) h′(c′)



Peres-Mermin square

s3 ∧ 1 1 ∧ s3 f (c)

1 ∧ s1 s1 ∧ 1 g(c)

f ′(c′) g′(c′) h(c),h′(c′)



Peres-Mermin square

s3 ∧ 1 1 ∧ s3 s3 ∧ s3 f (c)

1 ∧ s1 s1 ∧ 1 s1 ∧ s1 g(c)

s3 ∧ s1 s1 ∧ s3 s2 ∧ s2 h(c)

f ′(c′) g′(c′) h′(c′)



Assumption 2: Spekkens’ condition

p(Ai |a ∧ s) = p(Bi |b ∧ s) =⇒ p(Ai |a ∧ λ) = p(Bi |b ∧ λ)

for all s for all λ



Peres-Mermin square

s3 ∧ 1 1 ∧ s3 s3 ∧ s3 f (c)

1 ∧ s1 s1 ∧ 1 s1 ∧ s1 g(c)

s3 ∧ s1 s1 ∧ s3 s2 ∧ s2 h(c)

f ′(c′) g′(c′) h′(c′)



Kochen-Specker argument

◮ Noncontextuality

◮ Determinism

◮ Existence of extra measurements

◮ Spekkens condition

——————————

◮ Contradiction



Conclusions

Three types of Kochen-Specker arguments:

Type I: where all commuting subsets represent

simultaneous measurements

Type II: where all but one commuting subset represent

simultaneous measurements (GHZ argument)

Type III: where there is more than one commuting subset

not representing simultaneous measurements

(original Kochen-Specker argument,

Peres-Mermin square ...)



GHZ argument

σ̂2 ⊗ 1̂ ⊗ 1̂

σ̂1 ⊗ σ̂1 ⊗ σ̂1 σ̂2 ⊗ σ̂2 ⊗ σ̂1 σ̂2 ⊗ σ̂1 ⊗ σ̂2 σ̂1 ⊗ σ̂2 ⊗ σ̂2

1̂ ⊗ 1̂ ⊗ σ̂1 1̂ ⊗ 1̂ ⊗ σ̂2

σ̂1 ⊗ 1̂ ⊗ 1̂

1̂ ⊗ σ̂2 ⊗ 1̂ 1̂ ⊗ σ̂1 ⊗ 1̂



Conclusions

Type I: I am not aware of any argument of this type

Type II: They provide only a state-dependent argument

Type III: They are inconclusive since they need to invoke

an extra assumption (Spekkens’ condition) which

is different from noncontextuality



Remarks

◮ In every KS arguments commeasurability is guaranteed by

spacelike separation of the measurements.

◮ Thus the only form of contextuality I know is nonlocality.

◮ Does there exist a KS argument in which commeasurability

is not guaranteed by spacelike separation but a detailed

physical description of the measurement processes?



Remarks

◮ The so-called functional composition rule (FUNC) does not

play a role in the Kochen-Specker arguments.

◮ More on that: Gábor Hofer-Szabó, ”Commutativity,

commeasurability, and contextuality”


