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Some historySome history

 Antiquity:Antiquity:
 Egyptian tomb illustrationsEgyptian tomb illustrations
 astralagusastralagus

 Middle Ages:Middle Ages:
 opinioopinio versus  versus scientiascientia

 Renaissance:Renaissance:
 insurances and annuitiesinsurances and annuities

 Emergence of probabilityEmergence of probability
 Pascal-Fermat correspondence, 1654Pascal-Fermat correspondence, 1654



  

De Méré's division paradoxDe Méré's division paradox

Two players compete forTwo players compete for

a prize that is awardeda prize that is awarded

after one of them hasafter one of them has

won 6 games. Afterwon 6 games. After

player A winning 5player A winning 5

games and player Bgames and player B

winning 3 games, thewinning 3 games, the

game is interrupted. game is interrupted. 

How should the prize be How should the prize be 
divided?divided?



  

SolutionSolution

 Previous solutions:Previous solutions:
 In ratio 5 : 3In ratio 5 : 3
 In ratio 2 : 1 (Tartaglia)In ratio 2 : 1 (Tartaglia)

 Pascal:Pascal:
 In ratio 7 : 1 In ratio 7 : 1 
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Mathematics of probabilityMathematics of probability

A. N. Kolmogorov, A. N. Kolmogorov, Grundbegriffe Grundbegriffe 
der Wahrscheinlichkeitsrechnung,der Wahrscheinlichkeitsrechnung,  
19331933

Sample space: XSample space: X

Event space: Event space: ΩΩ (subsets of X) (subsets of X)

Probability space: (X, Probability space: (X, ΩΩ, p), p)
where p: where p: ΩΩ  →→ [0,1], such that [0,1], such that

1)1) p(X) = 1p(X) = 1

2)2) p(A v B) = p(A) + p(B), if A and B are mutually p(A v B) = p(A) + p(B), if A and B are mutually 
exclusive eventsexclusive events



  

Metaphysics of probabilityMetaphysics of probability

 Janus-faceJanus-face of probability of probability
 both epistemological and aleatoricboth epistemological and aleatoric

 Probability:Probability:
– Objective: property of the events in the Objective: property of the events in the 

outer worldouter world
– Subjective: property of the mindSubjective: property of the mind
– Logical: probability is a logical relation Logical: probability is a logical relation 

between the objective eventsbetween the objective events



  

Interpretations of probabilityInterpretations of probability

 Interpretations of probability:Interpretations of probability:
a.a. Classical interpretationClassical interpretation

b.b. Frequency interpretationFrequency interpretation

c.c. Logical intrpretationLogical intrpretation

d.d. Subjective interpretationSubjective interpretation

e.e. Propensity-Propensity-interpretationinterpretation



  

a. Classical interpretationa. Classical interpretation

 Pierre Simon de LaplacePierre Simon de Laplace
 Essai Philosophique sur le Essai Philosophique sur le 

ProbabilitProbabilitèès, s, 18141814
 strict determinismstrict determinism
 probability is simply ignoranceprobability is simply ignorance

 Probability:Probability:
 the number of favorable cases the number of favorable cases 

devided by the number of all devided by the number of all 
equipossibleequipossible cases cases



  

Bertrand paradoxBertrand paradox

 We throw straws on a circle. What is the We throw straws on a circle. What is the 
probability that the length of the straws probability that the length of the straws 
intersecting the circle is longer than the side of an intersecting the circle is longer than the side of an 
inscribed equilateral triangle?inscribed equilateral triangle?



  

Bertrand paradoxBertrand paradox

    p = 1/3p = 1/3     p = 1/4     p = 1/4     p = 1/2    p = 1/2



  

b. Frequency interpretationb. Frequency interpretation

 Richard von MisesRichard von Mises
 Probability, Statistics and Probability, Statistics and 

Truth,Truth, 1950 1950

 Probability:Probability:
 infinite limit of the relative infinite limit of the relative 

frequencyfrequency



  

Coin tossingCoin tossing

 Probability of heads: infinite limit of the number of Probability of heads: infinite limit of the number of 
heads / number of tosses = ½heads / number of tosses = ½

H H T H T T T H H T T T H T H H H …H H T H T T T H H T T T H T H H H …
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ProblemsProblems

 Any finite sample is irrelevant to the infinite limit: Any finite sample is irrelevant to the infinite limit: 

H T H H T T T H T T H T H H T T T H T T 
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ProblemsProblems

 Any finite sample is irrelevant to the infinite limit: Any finite sample is irrelevant to the infinite limit: 

H T H H T T T H T T  H T H H T T T H T T  I  H H H H H H H I  H H H H H H H 
 The limit does not always exists:The limit does not always exists:

H T H H T T H H H H T T T T ...H T H H T T H H H H T T T T ...



  

c. Logical interpretationc. Logical interpretation

 Rudolf CarnapRudolf Carnap
 Logical Foundations of Logical Foundations of 

Probability,Probability, 1950 1950

 Probability:Probability:
 measure of jusficitationmeasure of jusficitation



  

InductionInduction

Throwing dice:Throwing dice:
 Six → Even number:   deductive inferenceSix → Even number:   deductive inference
 Even number → Six:   inductive inferenceEven number → Six:   inductive inference

1

0

1/2



  

d. Subjective interpretationd. Subjective interpretation

 Frank Ramsey Frank Ramsey 
 Truth and ProbabilityTruth and Probability, 1926, 1926

 Bruno de FinettiBruno de Finetti
 Foresights: Its Logical Laws, Foresights: Its Logical Laws, 

Its Subjective SourcesIts Subjective Sources, 1937, 1937

 Probability:Probability:
 Measure of rational beliefMeasure of rational belief



  

Operationalization of partial Operationalization of partial 
beliefbelief

 Your credence in an event is Your credence in an event is p: p: if you buy a if you buy a 
bet for bet for pSpS that pays the stake  that pays the stake SS if the event  if the event 
happens and nothing otherwise.happens and nothing otherwise.



  

Dutch-book argumentsDutch-book arguments

 Dutch-booking:Dutch-booking:
Offering a set of bets such that the Offering a set of bets such that the 

opponent, whatever happens, always opponent, whatever happens, always 
looseslooses

 RamseyRamsey––de Finetti theorem:de Finetti theorem:
A set of credences is a probability if and only A set of credences is a probability if and only 

if it cannot be Dutch-bookedif it cannot be Dutch-booked



  

An exampleAn example

Tossing coin:Tossing coin:
 Your credence: PYour credence: PHeadsHeads = 1/2, P = 1/2, PTailsTails = 3/4 = 3/4
 I pick the stakes: SI pick the stakes: SHeadsHeads = 100 Ft, S = 100 Ft, STailsTails =  = 

100 Ft100 Ft
 You pay 1/2You pay 1/2٠٠100 + 3100 + 3/4/4٠٠100 = 125 Ft100 = 125 Ft
 But you can gain only 100 FtBut you can gain only 100 Ft
 So you loose 25 Ft in every run!So you loose 25 Ft in every run!



  

 Thomas Bayes, 1702-1761Thomas Bayes, 1702-1761

 Bayesianism:Bayesianism: explaining  explaining 
confirmation by means of probabilityconfirmation by means of probability

 H: hypothesis (theory of relativity)H: hypothesis (theory of relativity)
 E: evidence (bending of light near Sun)E: evidence (bending of light near Sun)
  

 Bayesian confirmation:Bayesian confirmation: E confirms H, if  E confirms H, if 

p(H|E) > p(H) p(H|E) > p(H) 
 The theory of relativity gets better confirmed, if The theory of relativity gets better confirmed, if 

the path of the light is bent near Sunthe path of the light is bent near Sun

BayesianismBayesianism



  

e. e. PropensityPropensity--interpretationinterpretation

 Karl Popper:Karl Popper:
 The Propensity Interpretation of the The Propensity Interpretation of the 

Calculus of Probability and the Calculus of Probability and the 
Quantum theory,Quantum theory, 1957 1957

 de Finetti: singular but not objectivede Finetti: singular but not objective
 von Mises: objective but not singularvon Mises: objective but not singular

 Propensity (disposition):Propensity (disposition):
 The propensity of the physical The propensity of the physical 

situation to display a certain propertysituation to display a certain property

 Question:Question:
 How to measure the propensity?How to measure the propensity?



  

ConclusionsConclusions

 What is probability?What is probability?
a.a. RatioRatio

b.b. FrequencyFrequency

c.c. Inductive inferenceInductive inference

d.d. Partial beliefPartial belief

e.e. DispositionDisposition

                        Use the term in a reflective way!Use the term in a reflective way!
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