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Main messages

There are two different and logically independent concepts

of noncontextuality in quantum mechanics: simultaneous

noncontextuality and measurement noncontextuality

To rule out the two types of noncontextual ontological

models, one needs two different realizations of the

Kochen-Specker theorems



Operational theory

{p(X|M ∧ P ) : for all M,P}

{P1, P2 ...}: preparations

{M1,M2 ...}: measurements

{X1, X2 ...}: outcomes



Operational equivalence

M1 ∼M2 : p(X|M1 ∧ P ) = p(X|M2 ∧ P ) for all P



Quantum mechanics

p(X|M ∧ P ) = Tr(ρP) for all M,P

{P1, P2 ...} −→ {ρ1,ρ2 ...}: density operators

{M1,M2 ...} −→ {O1,O2 ...}: self-adjoint operators

{X1, X2 ...} −→ {P1,P2 ...}: spectral projections



Quantum mechanics

Operator: O

↙ ↘

Measurement: M1 ∼ M2



Ontological models

{p(λ|P ) : for all P}

{p(X|M ∧ λ) : for all M,λ}

{λ1, λ2 ...}: ontic (hidden) states



Ontological models

p(X|M ∧ P ) =
∑
λ

p(X|M ∧ λ) p(λ|P ) for all M,P



Noncontextuality

An ontological model for QM is noncontextual if



Noncontextuality

An ontological model for QM is noncontextual if

every ontic state determines the probability distribution of

outcomes of every measurement independently of what

other measurements are simultaneously performed



Noncontextuality

An ontological model for QM is noncontextual if

every ontic state determines the probability distribution of

outcomes of every measurement independently of what

other measurements are simultaneously performed

any two measurements which are represented by the same

self-adjoint operator have the same probability distribution

of outcomes in every ontic state



Noncontextuality

An ontological model for QM is noncontextual if

every ontic state determines the probability distribution of

outcomes of every measurement independently of what

other measurements are simultaneously performed

(simultaneous noncontextuality)

any two measurements which are represented by the same

self-adjoint operator have the same probability distribution

of outcomes in every ontic state

(measurement noncontextuality)



Noncontextuality

Simultaneous noncontextuality:

p(X|M1 ∧ λ) = p(X|M1 ∧M2 ∧ λ) for all λ

Measurement noncontextuality:

If p(X|M1 ∧ P ) = p(X|M2 ∧ P ) for all P

then p(X|M1 ∧ λ) = p(X|M2 ∧ λ) for all λ



Noncontextuality

Simultaneous noncontextuality:

Bell

Shimony

Measurement noncontextuality:

Kochen and Specker

Van Fraassen’s ontological contextuality

Spekkens’ measurement contextuality

Bohmian mechanics



Kochen-Specker theorems



Kochen-Specker theorems

σz ⊗ 1 1⊗ σz σz ⊗ σz

1⊗ σx σx ⊗ 1 σx ⊗ σx

σz ⊗ σx σx ⊗ σz σy ⊗ σy



Kochen-Specker arguments

Kochen-Specker theorems + physical interpretation



Kochen-Specker arguments



Ruling out simultaneous noncontextuality



Ruling out simultaneous noncontextuality



Ruling out simultaneous noncontextuality

Preconditions:

1 Each operator is uniquely realized by a single physical

measurement

2 Commuting operators are realized by simultaneous

measurements



Ruling out simultaneous noncontextuality

σz ⊗ 1 1⊗ σz σz ⊗ σz

1⊗ σx σx ⊗ 1 σx ⊗ σx

σz ⊗ σx σx ⊗ σz σy ⊗ σy



Ruling out simultaneous noncontextuality



Ruling out measurement noncontextuality

If {Ai} are pairwise commuting operators, then there is a

“fine-grained” operator B and functions {fi} such that

Ai = fi(B).



Ruling out measurement noncontextuality



Conclusions

There are two different and logically independent concepts

of noncontextuality in quantum mechanics: simultaneous

noncontextuality and measurement noncontextuality

To rule out the two types of noncontextual ontological

models, one needs two different types of Kochen-Specker

arguments



More on that . . .

Gábor Hofer-Szabó, ”Commutativity, comeasurability, and

contextuality in the Kochen-Specker arguments,” Philosophy of

Science, 88, 483-510 (2021).

Gábor Hofer-Szabó, "Three noncontextual ontological models for the

Peres-Mermin square," European Journal for the Philosophy of

Science, 11, 30 (2021).

Gábor Hofer-Szabó, ”Two concepts of noncontextuality in quantum

mechanics’," Studies in History and Philosophy of Science, 93, 21-29

(2022).



Three types of Kochen-Specker arguments

Type I: All commuting subsets represent simultaneous

measurements

If existed, they would provide state-independent proof

against simultaneous noncontextuality



Three types of Kochen-Specker arguments

Type II: All but one commuting subset represents

simultaneous measurements

They provide state-dependent proof



Three types of Kochen-Specker arguments

Type III: More than one commuting subset does not

represent simultaneous measurements

They provide no proof at all



Kochen-Specker arguments



Kochen-Specker arguments



Kochen-Specker arguments



Kochen-Specker arguments



Commutativity and simultaneous measurability

Commutativity ⇐= Simultaneous measurability

6=⇒



Ontological and environmental contextuality

Ontological Environmental

Operator: O O

↙ ↘ ↓

Observable: O1 O2 O

↓ ↓ ↙ ↘

Measurement: M1 M2 M1 M2



Ontological and environmental contextuality

EnvironmentalOntological

Measurement

Apparatus

Simultaneous

Ontological contextuality = operational equivalence +

association of observables with measurements (Van Fraassen,

Redhead)



Ontological and environmental contextuality

EnvironmentalOntological

Measurement

Apparatus

Simultaneous

Environmental: the value of the observable depends on

1 the measurement itself with which the observable is measured

(Kochen-Specker, Bohmian mechanics, Spekkens)

2 the macrostate of the measuring apparatus (Redhead, Shimony’s

environmental contextuality)

3 simultaneous measurements (Bell, Shimony’s algebraic contextuality)



Bell, 1966

“The danger in fact was not in the explicit but in the

implicit assumptions. It was tacitly assumed that

measurement of an observable must yield the same value

independently of what other measurements may be made

simultaneously.”



Kochen and Specker, 1967
“[W]e have seen that these operators commute and it is a

generally accepted assumption of quantum mechanics that

commuting operators correspond to commeasurable observables.

A rationale for this assumption . . . is that if Ai, i ∈ I is a set of

mutually pairwise commuting self-adjoint operators, then there

exists a self-adjoint operator B and Borel functions fi, i ∈ I

such that Ai = fi(B). However, this justification hinges on the

existence of a physical observable which corresponds to the

operator.”

Physical observable = spin-Hamiltonian: “the change in

the energy of the lowest orbital state of orthohelium resulting

from the application of a small electric field with rhombic

symmetry”



Bohmian mechanics



EPR-Bell arguments



EPR-Bell arguments



EPR-Bell arguments



Commuting Pauli matrices

[σx ⊗ σx, σy ⊗ σy] = σx ⊗ σx · σy ⊗ σy − σy ⊗ σy · σx ⊗ σx

= σxσy ⊗ σxσy − σyσx ⊗ σyσx

= iσz ⊗ iσz − (−i)σz ⊗ (−i)σz

= −σz ⊗ σz + σz ⊗ σz

= 0


