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|. The Pitowsky representation — Bell's inequalities for
classical probabilities

Il. The Common Cause Principle — Bell’s inequalities for
classical conditional probabilities

lll. Bell's inequalities for quantum probabilities







Question: When can numbers represent probabilities?
» Consider real numbers p; and p;; in [0, 1] such that
i=1...nand (:,5) € S where S is a subset of the index
pairs {(i,j)|i < j;i,j=1...n}
» When can these numbers be probabilities of events A;
and their conjunctions A; A A;?




Pitowsky’s geometrical answer:
» Correlation vector: p = (p1,p2,. .- Pnj -+, Pijy-- - )

» Real n + |S| dimensional vector space: R(n, S) = R+l
(where |S| is the cardinality of 5)

s Lete e {0,1}". To each ¢ assign a vertex vector
(truth-value functions): v € R(n,S) such that
u; = Eq 1=1...n

us, = EiE; (i,j)ES




Classical correlation polytopes:

c(n,S):=<qveRn,>I9)v= Z Aut 5 Ae = 0; Z Ae =1
cc{0,1}" cc{0,1}"




Remarks:

s Pitowsky theorem, 1989: p has a Kolmogorovian
representation iff p € ¢(n, S)

s The classical correlation polytopes can be characterized
by their facet inequalities; these are Bell's inequalities.




Example 1: n =2, S = {(1,2)}:
» Vertices: (0,0,0), (1,0,0), (0,1,0) and (1,1, 1)

» Correlation polytope: 111

» Facet inequalities:

(000) (100)
O0<pr2<p1 <1
O0<p2<p2<1
p1+p2—p12 <1




Example 2: n =3, S = {(1,2),(1,3),(2,3)}:
» Facet inequalities (Bell-Pitowsky inequalities):

O0<pij<pi sl

0<pij Spj <1

pi+pj —pij S 1
p1+p2+p3—pi2—p13 —p23 S 1
p1 —p12 — p13 + p23 = 0

p2 — p12 — p23 + p13 = 0

p3 — p13 — p23 + p12 = 0




Example 3: n =4, S ={(1,3),(1,4),(2,3),(2,4)}:
» Facet inequalities (Clauser-Horne-Pitowsky inequalities):

0<pj;<pi <1
0<pij<p;j <1 1=1,2 7=3,4
pi+pj —pij S 1

—1 < p13+puu+pou—pe3—p1—ps <0

—1 < po3g +pog +p1a —p13—p2—pa <0

—1 < pra+p13+pe3 —pos —p1 —p3 0

—1 < poa+p23+pi3 —pra—p2—p3 0




Remarks:

s Forn > 4 facet inequalities are not known. The
complexity of derivation of the facet inequalities grows
exponentially with n.

» Quantum probabilities cannot represent probability of
properties or events since their correlation vector is not
in the classical correlation polytope.







The Common Cause Principle:

» If there is a correlation between two events and there is
no direct causal connection between the correlating
events, then there always exists a common cause of the

correlation.




The common cause:
» Classical probability space: (%, p)
s Correlation: A, Be X

p(AB) # p(A)p(B)
» Common cause: partition {Cj},.cx IN X
p(AB|Cr) = p(A[Ck) p(B|C)

o Sometimes ¥ needs to be extended in order to contain a
commaon cause.




The EPR-Bohm scenario:

C_l:i
- @ o — @

» Measurements: a;,b; (7,5 = 1,2: different directions)
» Outcomes: A;, B; (i,j = 1,2: up, down)




The EPR-Bohm scenario:
» Conditional probabilities:

1
1
p(Bjlb) = 3
1 0;;
p<Ai/\Bj‘ai/\bj) — §Sin2 77

where 6;; is the angle between directions a; and b;.
» Conditional correlations for non-perpendicular directions:
p(Ai A Bjlai Nbj) #  p(Aila;)p(B;|b))




What is the common cause of the correlation?




Common causal explanation:

p(A; A Bjla; Nbj ACl) = p(Aila; ANbj A Cy) p(Bjla; A bj A Cy)
p(Aila; Nbj AN C) = p(Ailai A Ck)
p(Bjla; Ab; ACy) = p(B \b A C)
pla; ANbj ACk) = plai Abj) p(Cy)

el



s However, a common causal explanation implies the
Clauser-Horne inequality:

—1 <K p(Al A\ Bg|a1 A\ b3) +p(A1 /\ B4|CL1 /\ b4)
+p(A2 A\ Bg|a2 A\ bg) — p(AQ A\ B4|CL2 A\ b4)
—p(Ailar) — p(Bslbs) <0

s ...which are violated for certain measurement angles:
013 = 014 = 093 = 120° and 0oy =0°

» Hence, EPR correlations do not have a (local,
non-conspiratorial) common causal explanation







Local physical theory:

» Net: association of von Neumann algebras to spacetime
regions

» Events, A;, B;: projections localized in spacetime regions
s State, ¢: a normalized positive linear functional




Quantum Bell inequality:
» Clauser—Horne—Summers inequality:
—1 < ¢(A1 B3+ A1By + AoB3 — Ag By — Ay — B3) <0

» Quantum common cause: a set of mutually orthogonal
projections {C}} such that
P(CrAB;C)  ¢(CrAiCr) ¢(CrB;Cy)
?(Ck) ¢(Ck) ¢(Ck)

s However, the quantum Bell inequalities follow from the
gquantum common cause only if it is commuting




Question: What do Bell’s inequalities, say the
Clauser-Horne inequalities mean?

—1 < pi3+pra+pu—pa3s—p1—p1 <0




Polytopes:

(0,0,2)

(1,0,1)

(0,1,1)

0,0)

(0,0,0)

(0,1,0)

(1,1,1)

(1,1,0)




Bell’s inequality a la carte:
|. Clauser-Horne-Pitowsky inequality:

—1 <K p(Al A\ B3) —I—p(A1 A\ B4) —I—p(AQ /\ Bg)
—p(A2 A By) — p(A1) — p(B3) <0

Il. Clauser-Horne inequality:

—1 <K p(Al /\ Bg|a1 A\ bg) +p(A1 N\ B4|CL1 /\ b4) —|—p(A2 /\ Bg|a2 /\ bg)
—p(As A Bylaz A by) — p(Ailar) — p(Bs|bs) < 0

lll. Clauser—Horne—Summers inequality:

—1 < ¢(A1B3 + A1By+ AyBs — AsBy — A1 — B3) < 0




To what question is Bell’s inequality an answer?
l. Question: When can numbers represent probabilities?

ll. Question: When do correlations have a common causal
explanation?

l1l. Question: ???




John Stewart Bell, Speakable
and Unspeakable in Quantum
Mechanics, 2004.
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