CLASSICALITY AND LOCALITY

IN BELL’S INEQUALITIES

Gabor Hofer-Szabo

ELTE, Research Centre for the Humanities, Budapest



Bell’s inequalities

—1 < pi3+pia+pu—pa3s—p1 —ps <0



Maudlin-Werner debate

e Werner: locality + classicality
"Bell showed ... that classicality and locality together

lead to false empirical conclusions"

e Maudlin: only locality
"the main order of business ought to be demonstrating

exactly where the argument presumes classicality"



Maudlin-Werner debate

e Werner: locality + classicality
"Bell showed ... that classicality and locality together

lead to false empirical conclusions"

e Maudlin: only locality
"the main order of business ought to be demonstrating
exactly where the argument presumes classicality"

e Fine, Pitowsky: only classicality
"The violation itself has a-priori nothing to do with the
principle of locality for it often occurs in cases where

spatio-temporal aspects play no role whatever"
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@ Quantum logical approach:
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Main claims

@ Ontological approach:
p = p(A): classical probability
@ Operational approach:
p = p(Ala): classical conditional probability

@ Quantum logical approach:

p = q(A): quantum probability



Classical polytope

4!
D2
D12



Classical polytope

p = p(A)
p2 = p(B)
P12 = p(AﬂB)



Classical polytope



Correlation vector

p o= (p17p2?p12)
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Bell’s inequalities
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Classical conditional polytope

1 = p(4la)
p2 = p(Blb)
p2 = p(ANBlanb)



Classical conditional polytope
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Quantum polytope
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Correlation polytopes
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Independence vectors
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Independence vectors

(1,1,1)

> i € (0,1,0

(0,0,0)
(1,0,0)



Common causes
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Common causes
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Theorem of total probability

p(ANB) = > p(Cy) p(A|Ck)p(B|Cy)



Theorem of total probability
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Bell’s inequalities

p= (p1,p2,p12) S



Ontological approach

p1 = p(4)

p2 = p(B) = p'= (p1,p2,P12) €

P12 = p(A N B)



Operational approach

p1 = p(Ala)

p2 = p(B|b) <  p=(p1,p2112) €

p12 = p(AN Blanb)

+ C}, common causes

+ a,b and C} are independent



Quantum logical approach

p1 = q(A)
p2 = Q(B> <~ 7= (p1,p2,012) €
P12 = Q(AB)

+ (), common causes

+ A, B and G, are commuting



Bell’s inequalities

—1 < pi3+pia+pu—pa3s—p1 —ps <0



Ontological approach

e Elements of reality: A;, Ay, B3, By

e Unconditional probabilities:

p(Ai), p(Bj), p(AinNDB))



Pitowsky’s question

When can EPR correlations be interpreted as unconditional
probability of classical events (elements of reality) and their

conjunctions?



Correlation polytopes

phh =D
b2 = D
ps = D
bs = D
Pz = P
Pia = D
P23 = D
pa = p(A2N By



Bell’s inequalities

—1 < p(A1 N Bs) + p(A; N By) + p(A2 N Bs)
—p(As N By) — p(Ay) — p(Bs) <0



Operational approach

e Outcomes: Ay, Ay, B3, By
e Measurement directions: a1, as, bs, by

o Conditional correlations:

p(Aila;) p(Bjlb;)  # p(A; N Bjla;Nby))



Correlation polytopes

p = p(Ailar)
p2 = p(Azlaz)
ps = p(Bslbs)
ps = p(Ba|bs)

P13z = P
pia = p(Ai1N BylaiNby
p23 = p(AsN Bslay N by
paa = p(AaN BylazNby



Bell’s question

Is there a common causal explanation of the conditional
EPR correlations?



Common causes

]9(141|aZ N Ok)p(B]|az N Ok) = p(AZ N Bj|ai N bj N Ck)
pla;Nb;NC) = pla; Nb;) p(Cr)



Bell’s inequalities

-1 < p(Al N B3|a1 N bg) +p(A1 N B4|(I1 N b4)
—{—p(Ag N Bglag N bg) — p(Ag N B4|(I2 N b4)
—p(Ailar) — p(Bs|bs) <0



Quantum logical approach

(down (down]

e Quantum events: Ay, As, B3, By

e Quantum correlations:

a(A)a(B;) # q(AB;)
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Hofer-Szab6 and Vecsernyés’ question

Is there a quantum common causal explanation of the EPR

correlations?



Quantum CcOoImimon causes




Bell’s inequalities

—1 < Q(Alég, + Alégl + Ang — AQB4 — Al — Bg) < 0



Conclusions

@ Ontological approach: classicality
o p =p(A): classical probability
o Elements of reality for EPR correlations? NO.
e Fine, Pitowsky

@ Operational approach: classicality + locality
o p=p(Ala): classical conditional probability
e Classical common causal explanation of EPR? NO.
o Bell

@ Quantum logical approach: locality

o p=¢(A): quantum probability
e Quantum common causal explanation of EPR? YES.

e Hofer-Szab6 and Vecsernyés
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Conclusions

@ Ontological approach:

—1 < p(A1 N Bs) + p(Ay N By) 4 p(Ay N Bs)
—p(As N By) — p(A1) — p(Bs) <0

@ Operational approach:

-1 g p(A1 N Bg’&l N bg) —|—p<A1 N B4|CL1 N b4)
+p(A2 N Bg’ag N bg) — p(AQ N B4|CL2 N b4)
—p(Ailar) — p(Bs|bs) <0

@ Quantum logical approach:

-1 < q(Al.Bg + AIB4 + A2B3 — A2B4 — Al - Bg) < 0



Correlation vector

D12

p(ANB)
p(AN BlaNb)

¢(AB)



Common Cause Principle

Correlations between events without direct causal

connection arise from common causes



Common causes

Partitition: {Cy }
p(A|Ck) p(B|Cr) = p(AN B|Cy)
p(AlanCy)p(BlbNCy) = p(ANBlanbnCy)

a(A|Cy) q(BICy) = q(AB|Cy)



Common causes

{7} Pk1Pk2 = DPki12
p(A[Cy) p(B|Cy) = p(AN B|Cy)
p(AlanCy)p(BlbNCy) = p(ANBlanbnCy)

a(A|Cy) q(BICy) = q(AB|Cy)



Classical unconditional probabilities

e Correlation vector: p'= (p1, p2, p12)
e Vertices: (0,0,0), (1,0,0), (0,1,0) and (1,1,1)

e Classical correlation polytope:

. .. (000 (100)
e Facet inequalities:

O0<p2<p <1
0<p2<p<1
p1+p2—pr2 <1



Classical unconditional probabilities

o Correlation vector: = (p1, p2, P3, Pa; P13, D14, D23, P24)

e Facet inequalities:

O0<py;<pi<1

0<pj;<pj<1 1=1,2 3=3,4

pit+pi—py <1
—1<piz+puutpua—ps—p—ps<0
—1<p3s+pautpua—p3z—p2—ps<0
—1<pu+ps+ps—pu—p—p3<0
—1 < pau+ps+ps—pu—p2—p3<0



Classical unconditional probabilities

Pitowsky, 1989: The following statements are equivalent:
@ p satisfies Bell’s inequalities
@ pis in the classical correlation polytope

@ p can represent the probability of classical events and

their conjunctions



Common causes

Common causal explanation:
p(A;i N Bjla;Nb;NCy) = p(Aila; Nb; N Cy) p(Bjla; N b; N Cy)
p(Aila;Nb; N Cy) = p(Aia; N Cy)
p(Bjla;Nb;NCy) = p(Bjlb; NCy)
p(a; Nb;NCy) = pla;Nb;)p(Cy)

B
AN



Relating Bell and Pitowsky

Pitowsky: Classical events = Bell’s unconditional

inequalities

Bell: Common causes = Bell’s conditional inequalities



IV. Noncommuting common causes

e Quantum correlations:
Tr(pA;B;) # Tr(pA)Tr(pB;)

e Quantum common cause: orthogonal projections
{Ck}

Tr(p C’kflzl?]ék) _ Tr(p Ch

r(p

A,ék) TT’(p ékB]C'k>
Tr(pCy) Tr(pCy)

Tr(pCr)



EPR-Bell scenario

Conditional and unconditional probabilities are the same:

p(Aila;) = p(A;)
p(Bjlb;) = p(B))
p(Ai N Bjla;Nb;) = p(A;N By)

if the measurement is faithful:

p(Aila; N Ay) = 0
p(Bjlb; N Ay) = iy

and non-conspiratorial:



Common cause

e Classical probability space: ({2,%,p)
e Correlation: A, B € X

p(AB) # p(A)p(B)

e Common cause: partition {Cy},; in

p(AB|Cy) = p(A|Ck) p(B|Ck)
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Noncommuting common cause

o Noncommutative probability space: (N, P(N), )
o Correlation: A, B € P(N)

¢(AB) # ¢(A)o(B)

e Noncommuting common cause: partition {Cy},

in P(N)
¢(CrLABCy,) ¢(CrAC;) ¢(CiBCy)

¢(Cr) -~ 9(Cy) ¢(Cr)




Main claims

The violation of Bell’s inequalities

@ rules out an explanation of the EPR correlations by
elements of reality ——  classicality (Fine,
Pitowsky)

@ rules out a classical, common causal explanation of the
EPR correlations —— classicality + locality
(Bell)

@ does not rule out non-classical, common causal
explanation of the EPR correlations ——  locality

(Hofer-Szab6 and Vecsernyés)



Main claims

@ Ontological approach:
Elements of reality for EPR correlations? NO.

@ Operational approach:

Classical common causal explanation of EPR? NO.

@ Quantum logical approach:

Quantum common causal explanation of EPR? YES.



Theorem of total probability

ﬁ=(p1,p2,p12)§2 == Dok Nk Th E
I

l Tk = (Pk1, Pk2s D1PR2) €
T

Correlation — Common cause



