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King Sigismund College

Email: gsz@szig.hu

– p. 1



Reichenbach: The Direction of Time
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Reichenbach: The Direction of Time

Two projects launched :

Take probabilistic relationships constitutive of causation
(probabilistic causality).

Take causal relationships constitutive of temporal order
of time (causal theory of time).
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The principle of the common cause

”If an improbable coincidence has occurred, there must exist
a common cause” (p. 157)
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Examples

”Suppose both lamps in a room go out suddenly. We regard it as

improbable that by chance both bulbs burned out at the same time and

look for a burned out fuse or some other interruption of the common

power supply. The improbable coincidence is thus explained as the

product of a common cause.” (p. 157)

”Or suppose several actors in a stage play fall ill showing symptoms of

food poisoning. We assume that the poisoned food stems from the

same source – for instance, that it was contained in a common meal –

and then look for an explanation of the coincidence in terms of a

common cause.” (p. 157)

”Suppose two geysers which are not far apart spout irregularly, but
throw up their columns of water always at the same time.” (p. 158)
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Correlation of Random Variables

X, Y : random variables
Probabilistic independence:

p(XY ) = p(X)p(Y )

Pearson correlation:

ρ(X,Y ) =
cov(X,Y )

σ(X)σ(Y )
= 0

where

Expectation: E(X) =
∫

Ω Xdp

Covariance: cov(X,Y ) = E((X − E(X))(Y − E(Y )))

Deviation: σ(X) =
√

E((X − E(X))2), σ(Y ) =
√

E((Y − E(Y ))2)
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Correlation of Events

Classical probability measure space: (Ω,Σ, p)

Positive correlation: A, B ∈ Σ

corrp(A,B) = p(AB) − p(A)p(B) > 0

Perfect correlation: A, B ∈ Σ

p(AB) = p(A) = p(B) ∈ (0, 1)
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Correlation of Events and Random Variables

Lemma: A, B ∈ (Ω,Σ, p).

corrp(A,B) = −corrp(A,B) = −corrp(A,B) = corrp(A,B)

Indicator functions: E ∈ Σ

1E : Ω → {0, 1};

{

1E = 1 if x ⊆ E

1E = 0 if x 6⊆ E

Proposition: Let A and B be in (Ω,Σ, p) and let 1A and 1B be
the indicator functions of A and B. Then corrp(A,B) 6= 0 if
and only if p(1A, 1B) 6= p(1A)p(1B).
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Reichenbachian Common Cause

Classical probability measure space: (Ω,Σ, p)

Positive correlation: A, B ∈ Σ

corrp(A,B) > 0 (1)

Reichenbachian common cause: C ∈ Σ

p(AB|C) = p(A|C)p(B|C) (2)

p(AB|C) = p(A|C)p(B|C) (3)

p(A|C) > p(A|C) (4)

p(B|C) > p(B|C) (5)
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The principle of the common cause

”If coincidences of two events A and B occur more
frequently than would correspond to their independent
occurence, that is, if events satisfy relation (1), then there
exists a common cause C for these events such that the fork
ACB is conjunctive, that is satisfies (2)-(5)” (p. 163)

C

A B
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Remark

”. . . this principle does not represent a new assumption, but
is derivable from the second law of thermodinamics, if this
law is supplemented by the hypothesis of the branch
structure.” (p. 157.)
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Food Poisoning I

Two actors A and B are showing symptoms of food
poisoning on every Friday evening when they have a
common dinner (and they feel well on other days when they
dine separately).

Positive correlation: corrp(A,B) = 1

7
− 1

7
× 1

7
> 0

Common cause: C – the meal is tainted

1 = p(AB|C) = p(A|C)p(B|C) = 1

0 = p(AB|C) = p(A|C)p(B|C) = 0

1 = p(A|C) > p(A|C) = 0

1 = p(B|C) > p(B|C) = 0

– p. 12



Food Poisoning II

Common cause: C – common meal on Fridays

p(A|C) = 0.9, p(B|C) = 0.9

p(A|C) = 0.05, p(B|C) = 0.05

Reichenbachian common cause:

0.81 = p(AB|C) = p(A|C)p(B|C) = 0.81

0.0025 = p(AB|C) = p(A|C)p(B|C) = 0.0025

0.9 = p(A|C) > p(A|C) = 0.05

0.9 = p(B|C) > p(B|C) = 0.05

Correlation: corrp(A,B) = 1

7
× 6

7
× [0.9 − 0.05]2 > 0
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Common Cause and Common Effect

Two lamps going out:

Common cause: burned-out fuse

Common effect: the room becomes dark

Actors showing symptoms of food poisoning:

Common cause: tainted food

Common effect: the show must be called off

Two geysers spout always at the same time:

Common cause: common reservoir of hot water

Common effect: two clouds are formed that merge into
one cloud
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Sufficiency and Necessity

A B

CBA

C

D

No sufficiency: (2)–(5) are not sufficient for an event C to
be a common cause of the correlation between A and B.

Necessity?
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The Origin of the Common Cause Principle?

Russell: common causal ancester : ”When a group of
complex events in more or less the same neighbourhood
and ranged about a central event all have a common
structure, it is probable that they have a common causal
ancester.” (Human Knowledge, p. 483)

”A number of middle-aged ladies in different parts of the country,
after marrying and insuring their lives in favour of their husbands,
mysteriously died in the baths. The identity of structure between
these different events led to the assumption of a common causal
origin; this origin was found to be Mr. Smith, who was duly hanged.”
(p. 482)
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Explanatory Power

Explanatory power of the common cause:

C screens the correlation between A and B off.

C has (positive) statistical relevancy to both A and B.

C entails (positive) correlation between A and B.
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Screening-off

Screening-off:

p(AB|C) = p(A|C)p(B|C)

p(AB|C) = p(A|C)p(B|C)

Equivalent forms of screening-off:

p(A|BC) = p(A|C), p(B|AC) = p(B|C)

p(A|BC) = p(A|C), p(B|AC) = p(B|C)

Proof: (⇒) p(A|BC) =
p(ABC)

p(BC)
=

p(ABC)p(C)

p(C)p(BC)
=

p(AB|C)

p(B|C)
=

p(A|C)p(B|C)

p(B|C)
= p(A|C)

p(B|AC) =
p(ABC)

p(AC)
=

p(ABC)p(C)

p(C)p(AC)
=

p(AB|C)

p(A|C)
=

p(B|C)p(A|C)

p(A|C)
= p(B|C)

(⇐) p(AB|C) =
p(ABC)

p(C)
=

p(ABC)p(BC)

p(BC)p(C)
= p(A|BC)p(B|C) = p(A|C)p(B|C)
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Screening-off

Screening-off: ”The common cause is the connecting link
which transforms an independence into a dependence.” (p.
160)

p(AB|C) = p(A|C)p(B|C)

p(AB|C) = p(A|C)p(B|C)
⇒ p(AB) > p(A)p(B)
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Statistical relevancy

Statistical relevancy:

p(A|C) > p(A|C), p(B|C) > p(B|C)

Equivalent forms of statistical relevancy:

p(A|C) > p(A), p(B|C) > p(B)

p(C|A) > p(C|A), p(C|B) > p(C|B)

p(C|A) > p(C), p(C|B) > p(C)

p(AC) > p(A)p(C), p(BC) > p(B)p(C)
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Statistical Relevancy and Screening-off

Statistical relevancy and screening-off:

p(A|C) > p(A|C) p(AB|C) = p(A|C)p(B|C)

p(B|C) > p(B|C) p(AB|C) = p(A|C)p(B|C)

A B

CC

A B
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Entailment

Proposition: (Reichenbach 1956) Let A, B and C be in Σ

and let C be a Reichenbachian common cause of the
correlation between A and B, that is let A, B and C satisfy
(2)–(5). Then there is a positive correlation between A and
B.

Proof: Using the theorem of total probability and (2)–(5) we get:

corrp(A, B) = p(AB) − p(A)p(B) = [p(C)p(A|C)p(B|C) + p(C)p(A|C)p(B|C)]

−[p(C)p(A|C) + p(C)p(A|C)][p(C)p(B|C) + p(C)p(B|C)] =

= p(C)p(C)[p(A|C) − p(A|C)][p(B|C) − p(B|C)] > 0
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Negative Correlation

Negative correlation: A, B ∈ Σ

corrp(A,B) < 0

Positive correlation: A, B, A, B ∈ Σ

corrp(A,B) = corrp(A,B) > 0

Reichenbachian common cause: C ∈ Σ

p(AB|C) = p(A|C)p(B|C)

p(AB|C) = p(A|C)p(B|C)

p(A|C) > p(A|C)

p(B|C) > p(B|C)
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Three definitions

Deterministic common cause: C ∈ Σ

p(A|C) = p(B|C) = 1

p(A|C) = p(B|C) = 0

Proper common cause: C ∈ Σ such that none of the
following holds:

C = A

C = B

(C < A or C > A) and p(C) = p(A)

(C < B or C > B) and p(C) = p(B)

Genuinely probabilistic common cause: C ∈ Σ

C 6⊆ A, C 6⊆ B
– p. 24



Correlation without Common Cause

I

A B (A&B)&(A&B) (A&B)&(A&B) B A

A&B A&B A&B A&B

A&B A&B A&B A&B

0

(0.4)

(0.8)(0.8)(0.8)(0.6)

(0.2) (0.2)

(0.4) (0.4) (0.6) (0.6) (0.6) (0.6)

(0.2)
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Two Common Causes

A B

DC

Reichenbach: ”If there is more than one possible kind of
common cause, C may represent the disjunction of these
causes.” (p. 159)
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Reichenbach’s Common Cause Principle

Reichenbach’s Common Cause Principle (RCCP): If
there is a correlation between two events A and B and a
direct causal connection between the correlated events is
excluded then there exists a (Reichenbachian) common
cause of the correlation.

Ontological vs. epistemic status of the RCCP

RCCP = RPCC + RCCC (Suárez 2007)

Reichenbach’s Principle of the Common Cause (RPCC):
”If an improbable coincidence has occurred, there must
exist a common cause.”

Reichenbach’s Criterion of the Common Cause (RCCC):
criteria (2)–(5)
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Approaches to the Common Cause Principle

Chronology:

Suppes, Zanotti 1976

Salmon 1978

Van Fraassen 1982

Cartwright 1987

Sober 1987

Butterfield 1989
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Van Fraassen 1982a, 1982b

”My main objection to the common cause principle has been
that it demands hidden variables of the deterministic sort,
leaving little room for genuine, non-trivial indeterministic
theories.” (Van Fraassen 1982b)

Argument: perfect correlation + genuine indeterminism (no
hidden variables) ⇒ RCCP is not universal
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Perfect Correlations

Proposition: (Van Fraassen 1982) Let A, B, C ∈ Σ, let p(C)

be in (0, 1), and let C be a Reichenbachian common cause
of the correlation between A and B. Then C is a
deterministic common cause iff the correlation between A

and B is perfect.

Proof: (⇒) If C is a deterministic common cause of (A, B) and p(C) ∈ (0, 1),
then using the theorem of total probability one obtains:

p(AB) = p(AB|C)p(C) + p(AB|C)p(C) =

= p(A|C)p(B|C)p(C) + p(A|C)p(B|C)p(C) = p(C)

p(A) = p(A|C)p(C) + p(A|C)p(C) = p(C)

p(B) = p(B|C)p(C) + p(B|C)p(C) = p(C)

and hence p(AB) = p(A) = p(B) = p(C) ∈ (0, 1).
– p. 30



Perfect Correlations

Proof: (⇐) If C is a common cause of the perfectly correlating A and B then

p(A) − p(AB) = [p(A|C)p(C) + p(A|C)p(C)] − [p(AB|C)p(C) + p(AB|C)p(C)]

= p(A|C)[1 − p(B|C)]p(C) + p(A|C)[1 − p(B|C)]p(C)

= p(A|C)p(B|C)p(C) + p(A|C)p(B|C)p(C),

p(B) − p(AB) = [p(B|C)p(C) + p(B|C)p(C)] − [p(AB|C)p(C) + p(AB|C)p(C)]

= p(B|C)[1 − p(A|C)]p(C) + p(B|C)[1 − p(A|C)]p(C)

= p(B|C)p(A|C)p(C) + p(B|C)p(A|C)p(C)

are 0 for any p(C) ∈ (0, 1) only if

p(A|C) = p(B|C) = 1

p(A|C) = p(B|C) = 0.
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Suppes, Zanotti 1976

”It is our feeling that such an assumption of conditional
statistical independence is too strong for a stochastic theory
that is not meant to be deterministic.” (p. 90)

”. . . if we impose conditional statistical independence then if
we have a high correlation between observables we must
have an even higher correlation between the hidden variable
and the observables.” (p. 90)
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Suppes, Zanotti 1976

Proposition: Let A, B and C be in (Ω,Σ, p) such that they
satisfy (2)–(5). Then the following inequalities hold:

|corrp(A,B)| < |corrp(A,C)| (6)

|corrp(A,B)| < |corrp(B,C)| (7)
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Suppes, Zanotti 1976

Proof: Using the theorem of total probability and (2)–(3) we obtain:

corrp(A, B) = p(AB) − p(A)p(B) = [p(C)p(A|C)p(B|C) + p(C)p(A|C)p(B|C)]

−[p(C)p(A|C) + p(C)p(A|C)][p(C)p(B|C) + p(C)p(B|C)] =

= p(B|C)[1 − p(A|C)]p(C) + p(B|C)[1 − p(A|C)]p(C) =

=
[p(AC) − p(A)p(C)][p(AC) − p(A)p(C)]

p(C)p(C)

=
corrp(A, C) corrp(B, C)

corrp(C, C)

and since for any A, B and C satistying (2)–(3)

∣

∣

∣

∣

corrp(A, C)

corrp(C, C)

∣

∣

∣

∣

= |p(A|C) − p(A|C)| < 1,

∣

∣

∣

∣

corrp(B, C)

corrp(C, C)

∣

∣

∣

∣

= |p(B|C) − p(B|C)| < 1 (8)

we obtain (6)–(7).
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The Lead Bullet and the Knife Edge

r

rC
A

B

C

Indeterministic scattering: p(A) = p(B) = 1

4

What is the common cause?
Cr: built-in correlation
C: does not screen off
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Salmon: Interactive Forks

Salmon (1978): causal explanation (↔ covering law
explanation)

causal processes: mark criterion

causal interactions: interactive forks

conjunctive fork → interactive fork
p(AB|C) = p(A|C)p(B|C) → p(AB|C) > p(A|C)p(B|C)

”. . . those effects which stand in the cause-effect relation to
one another are joined by a causal process. ” Salmon
(1978) (↔ Reichenbach)
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Van Fraassen’s Conclusion

Van Fraassen 1982b: antirealist position

new counter-examples

Why does the interaction produce a correlation?

Conclusion: RCCP is ”a tactical maxim of scientific inquiry
and theory construction” (Van Fraassen 1982b)
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Cartwright 1987

Cartwright: ”conjunctive fork is too narrow”

”Van Fraassen style counterexamples do not show that
there is anything fundamentally mistaken about the
common cause idea, but rather that Salmon, following
Reichenbach, has not been employing sufficiently
general characterizations of it.” (p. 188)
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The Cheap-but-Dirty Factory

p(A|C)=0.8 p(B|C)=0.8

p(C)=0.5 p(C)=0.5

By−product(B) Product(A)Product(A)

Cheap−but−Dirty(C) Green/Clean(C)

Determinism: presence of the cause = operation of the cause

Indeterminism: presence of the cause 6= operation of the cause

Question: What is the relation between the operations of
the cause to produce the different effects?
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Degree of Overlap

Determinism: screening-off (conjunctive fork)

p(A|C) = 1, p(B|C) = 1 ⇒ p(AB|C) = 1

Indeterminism: Any degree of overlap between the
operations of the cause is possible.

p(A|C) = 0.8, p(B|C) = 0.8 ⇒ p(AB|C) ∈ [0.64, 0.8]

p(AB|C) = 0.8 → strong coupling (Cheap-but-Dirty
factory, conservation laws)

p(AB|C) = 0.64 → screening-off (conjunctive fork)
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”Not-Very Common-Cause Condition”

Common cause criterion: ”The cause operates
independently in producing each of its effects: whether one
of the effects is produced or not has no bearing on whether
the cause will produce the other.” (Cartwright 1987)

New nomenclature: ”not-very common-cause condition”

Two Remarks :

1. How can the relations between the operations can be explored? →

mark criterion

2. General characterization: causal modelling
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Butterfield 1989

”. . . the statement that there is always a screener-off is false.
But its falsity will not be a consequence of straightforward
examples of van Fraassen’s; it will be a consequence of the
Bell experiments’ results.” (Butterfield 1989)

Argument:

”a single event in the past may screen off without
explaining the correlation” (RCCP is not sufficient)

”examples where there does not seem to be a
screener-off can be met by taking the screener-off to be
the total physical state on one of the favored common
past”
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”Favored Common Past”

B

C
a

A

S

J (A)   J (B)

b
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Venetian Sea Levels, British Bread Prices

"Consider the fact that the sea level in Venice and that cost
of the bread in Britain have both been on the rise in the past
two centuries. Both, let us suppose, have monotonically
increased. Imagine that we put this data in the form of a
chronological list; for each date, we list the Venetian sea
level and the going price of the British bread. Because both
quantities have increased steadily with time, it is true that
higher than average sea levels tend to be associated with
higher than average bread prices. The two quantities are
very strongly positively correlated." (Sober 1987)
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Sober’s counterexample

Year (t) 1 2 3 4 5 6 7 8

British Bread Prices 4 5 6 10 14 15 19 20

Venetian Sea Levels 22 23 24 25 28 29 30 31

A: higher than average British bread prices
B: higher than average Venetian sea level

Positive correlation: 1

2
= p(AB) > p(A)p(B) = 1

4

A: British bread prices increase

B: Venetian sea level increases

No correlation: 1 = p(AB) = p(A)p(B) = 1
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Defusing Sober’s counterexample

Nonstationary time series: "As a result, when, given
the data, the most likely probability model is
nonstationary, it is wrong to infer probabilistic
dependence from Pearson’s correlation coefficient or
other formal or informal measures of association that
would have provided good evidence for it in the
stationary case. The time series are associated but not
correlated in the sense required for the principle of the
common cause." (Hoover 2003)

Mixing theorem: Dependencies can arise whenever
populations from different probability distributions are
mixed. (Steel 2003)
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