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Reichenbachian Common Cause

Classical probability measure space: (Ω,Σ, p)

Positive correlation: A, B ∈ Σ

corrp(A,B) = p(AB) − p(A)p(B) > 0

Reichenbachian common cause: C ∈ Σ

p(AB|C) = p(A|C)p(B|C) (1)

p(AB|C) = p(A|C)p(B|C) (2)

p(A|C) > p(A|C) (3)

p(B|C) > p(B|C) (4)
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Common Cause Incomplete Probability Space
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Two Strategies Saving RCCP

Strategy 1: Maybe (Ω,Σ, p) is too meager to contain a
common cause but there may exist an extension (Ω′,Σ′, p′)

that already contains a common cause.

Proposition: (Hofer-Szabó, Rédei, Szabó, 1999, 2000a) Let
(Ω,Σ, p) be a classical probability measure space and let (Ai, Bi) a
finite set of pairs of correlating events (i = 1, 2, . . . n). Then there is
a (Ω′,Σ′, p′) extension of (Ω,Σ, p) such that for every correlating
pair (Ai, Bi) there exists a common cause Ci in (Ω′,Σ′, p′).

Strategy 2: The correlation between A and B is not due to a
single factor but may be the cumulative result of a number of
different ”partial common causes”, none of which can in
itself yield a complete common-cause-type explanation of
the correlation.
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Strategies
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How to define a common cause system?

Guideline: Explanatory power of the common cause

C screens the correlation between A and B off.

C has (positive) statistical relevancy to both A and B.

C entails (positive) correlation between A and B.
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Generalization of the common cause

Common cause: {C,C}

Generalization: partition {Ci} of the ensemble

Explanatory power:

Screening-off: The correlation disappears in each
subensemble.

Positive statistical relevancy: any pair of such
subensembles behaves like C and C.

Derivability: the partition {Ci} entails the correlation
between A and B.
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Reichenbachian Common Cause System

Classical probability measure space: (Ω,Σ, p)

Positive correlation: A, B ∈ Σ

corrp(A,B) = p(AB) − p(A)p(B) > 0

Reichenbachian common cause system: partition {Ci}i∈I

of Ω such that for any i 6= j ∈ I

p(AB|Ci) = p(A|Ci)p(B|Ci) (5)

(p(A|Ci) − p(A|Cj))(p(B|Ci) − p(B|Cj)) > 0 (6)
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Remarks

The size of the Reichenbachian common cause system
is the cardinality of I.

The Reichenbachian common cause {C,C} is a
Reichenbachian common cause system of size 2.

p(AB|C) = p(A|C)p(B|C)

p(AB|C) = p(A|C)p(B|C)

(p(A|C) − p(A|C))(p(B|C) − p(B|C)) > 0
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Explanatory power

Reichenbachian common cause system: {Ci}i∈I

p(AB|Ci) = p(A|Ci)p(B|Ci)

(p(A|Ci) − p(A|Cj))(p(B|Ci) − p(B|Cj)) > 0

Explanatory power:

Screening-off: The correlation disappears in each
subensemble.

Positive statistical relevancy: any pair of subensembles
behaves like C and C.

Derivability: the partition {Ci} entails the correlation
between A and B.
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Derivability

Proposition: (Hofer-Szabó, Rédei 2004) Let A and B be in
Σ and let the partition {Ci}i∈I be a Reichenbachian common
cause of the correlation between A and B, that is let A, B

and {Ci}i∈I satisfy (5)–(6). Then there is a positive
correlation between A and B.

Proof: Using the theorem of total probability and (5) we obtain the following
simple decomposition of the correlation:

corrp(A, B) =
1

2

∑

i 6=j

p(Ci)p(Cj)
[

p(A|Ci) − p(A|Cj)
][

p(B|Ci) − p(B|Cj)
]

which is positive according to (6).
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Existence

Proposition: (Hofer-Szabó, Rédei 2006) Let (Ω,Σ, p) be a
classical probability space and n be an arbitrary finite natural
number greater than 2. If the correlation is not strict, then
there exists an extension (Ω′,Σ′, p′) of (Ω,Σ, p) such that
(Ω′,Σ′, p′) contains a Reichenbachian common cause system
{Ci}i∈I of size n for the correlation between A and B.

Proof: The proof is a pure existence proof and it consists of two major
steps.

– p. 12



Sketch of the Proof – Step 1

Step 1 In Step 1 we show first that if {Ci}
n
i=1

is a Reichenbachian

common cause system of size n in a probability space (Ω,Σ, p), then

the numbers {p(A|Ci)}
n
i=1

, {p(B|Ci)}
n
i=1

and {p(Ci)}
n
i=1

satisfy certain

equations and inequalities. It is then shown (by induction on n) that,

even if (Ω,Σ, p) does not contain a common cause system for

corrp(A,B) > 0, if the correlation is not strict then there exist 3n

non-negative real numbers {ai}
n
i=1

, {bi}
n
i=1

and {ci}
n
i=1

that also satisfy

those equations and inequalities under the identification (i = 1 . . . n)

ai = p(A|Ci) (7)

bi = p(B|Ci) (8)

ci = p(Ci) (9)

We call such numbers a set of admissible numbers.
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Sketch of the Proof – Step 2

Step 2 In Step 2 we show that, given a non-strict correlation in any
probability space and given any n ≥ 2, for any given set of admissible
numbers for corrp(A,B) > 0, there exists an extension (Ω′,Σ′, p′) of
(Ω,Σ, p) such that (Ω′,Σ′, p′) contains a Reichenbachian common
cause system of size n in such a way that the admissible numbers are
identified with the corresponding probabilities via (7)-(9).
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Relations among RCCS-s

Question: What is the relation between Reichenbachian
common cause systems of different size?

Partition of Σ: P = {P1, . . . , Pn} where {Pi} ∈ Ω (i ∈ N) such
that Pi ∩ Pj = O if i 6= j and

⋃

i Pi = I.

Partial ordering: P is finer than R iff for all Ri ∈ R there are

some
{

P i
j

}

∈ P such that Ri =
⋃

j Pj.

Proposition: (Hofer-Szabó, Rédei 2004) Let (A,B) be a
correlating pair in a classical probability measure space
(Ω,Σ, p), and let C = {Ci}

n
i=1

be a Reichenbachian common
cause system for (A,B). Then (A,B) has neither a stronger
nor a finer common cause system than C in (Ω,Σ, p).
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Relations among RCCS-s

Reformulation of the proposition: Any totally ordered
subset of partitions of Σ contains only one Reichenbachian
common cause system for a given fixed pair of events (A,B).

Corollary 1: While there may exist many Reichenbachian
common cause systems for a given correlated pair, the
different common cause systems provide different sorts of
explanations of the correlation between A and B.

Corollary 2: Common causes cannot be ”put together” to
form a finer common cause system that would provide a
more detailed explanation of the correlation.
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Common causèa la carte

Reichenbachian common cause: C ∈ Σ

p(AB|C) = p(A|C)p(B|C)

p(AB|C) = p(A|C)p(B|C)

p(A|C) > p(A|C)

p(B|C) > p(B|C)

Reichenbachian common cause system: {Ci}i∈I ∈ Σ

p(AB|Ci) = p(A|Ci)p(B|Ci)

(p(A|Ci) − p(A|Cj)(p(B|Ci) − p(B|Cj) > 0
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Common causèa la carte

common cause: C ∈ Σ

p(AB|C) = p(A|C)p(B|C)

p(AB|C) = p(A|C)p(B|C)

common cause system: {Ci}i∈I ∈ Σ

p(AB|Ci) = p(A|Ci)p(B|Ci)
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Implications

RCC ⊃ RCCS

∪ ∪

CC ⊃ CCS
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Extendability

Common cause types CC-extendability CCC-extendability

RCC YES NO

RCCS YES ?

CC YES NO

CCS YES YES
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Pitowsky’s Formalism

Vectors: ε, δ ∈ {0, 1}n

Partial ordering in {0, 1}n: for ε > δ iff εi > δi for any
i = 1 . . . n

Set: C = {C1, . . . , Cn} where all Ci ∈ (Ω,Σ, p)

Vectors: Cε ≡ Cε1 ∩ · · · ∩ Cεn where

Cεi =

{

Ci if εi = 1

Ci if εi = 0

Partial ordering in C
{0,1}n

: Cε > Cδ iff ε > δ
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An Example

Set: C = {C1, C2, C3}

Partition: C
{0,1}n

= {C1C2C3, C1C2C3, C1C2C3,

C1C2C3, C1C2C3, C1C2C3, C1C2C3, C1C2C3}

Partial ordering:

C2 3C C1 C2 3C C1C2 3C C1

C2 3C C1 C2 3C C1 C2 3C C1

C2 3C C1

C2 3C C1
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An Example

Common cause system: C = {C1, C2, C3}

A B

C C C1 2 3
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Reichenbachian Common Cause System

Reichenbachian common cause system: Let A and B be
two correlating events in a classical probability measure
space (Ω,Σ, p). The set C = {C1, . . . , Cn} of events
Ci ∈ (Ω,Σ, p) are said to be the Reichenbachian common
cause system of the correlation between A and B iff for any
ε ∈ {0, 1}n and ε > δ (ε, δ ∈ {0, 1}n) the following requirements
hold:

p(AB|Cε) = p(A|Cε)p(B|Cε) (10)

p(A|Cε) > p(A|Cδ) (11)

p(B|Cε) > p(B|Cδ) (12)
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Generalized RCCS

Classical probability measure space: (Ω,Σ, p)

Correlation is unspecified: {Ak}
m
k=1

, {Bl}
n
l=1

ordered
partitions of Σ

corrp({Ak}, {Bl})

Generalized Reichenbachian common cause system:
{Ci}

r
i=1

∈ Σ such that for all i = 1 . . . r

corrp({Ak}, {Bl}|Ci) = 0 (13)

corrp({Ak}, {Ci}) > 0 (14)

corrp({Bl}, {Ci}) > 0 (15)

where corrp({Ak}, {Bl}|Ci) ≡ corrpCi
({Ak}, {Bl})
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Specification

Specification of the correlation: {Ak}
m
k=1

, {Bl}
n
l=1

corrS
p ({Ak}, {Bl}) ≡ min

l
min
l′,l′>l

{[p(A1|Bl) − p(A1|Bl′)]p(Bl)p(Bl′)}

Specification of the partition:

{Ak}
2

k=1
≡ {A,A}, {Bl}

2

l=1
≡ {B,B}

Reichenbachian common cause system: {Ci}
r
i=1

p(AB|Ci) = p(A|Ci)p(B|Ci)

(p(A|Ci) − p(A|Cj))(p(B|Ci) − p(B|Cj)) > 0
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Open Questions

Question 1 Do Reichenbachian common cause systems of
countably infinite size exist for any (non-strict) correlation?

Question 2 Do correlations have Reichenbachian common
cause system extensions if the assumption on non-strictness of
the correlation is dropped?

Question 3 What are the necessary and suffcient conditions for a
set of correlations to have a Reichenbachian common common
cause system?

Question 4 Can a probability space be causally n-closed for
every n (with respect to some Rind)?
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