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Reichenbachian Common Cause

Classical probability measure space: (Ω,Σ, p)

Positive correlation: A, B ∈ Σ

corrp(A,B) = p(AB) − p(A)p(B) > 0

Reichenbachian common cause: C ∈ Σ

p(AB|C) = p(A|C)p(B|C)

p(AB|C) = p(A|C)p(B|C)

p(A|C) > p(A|C)

p(B|C) > p(B|C)
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Reichenbachian Common Cause System

Classical probability measure space: (Ω,Σ, p)

Positive correlation: A, B ∈ Σ

corrp(A,B) = p(AB) − p(A)p(B) > 0

Reichenbachian common cause system: partition {Ci}i∈I

of Ω such that for any i 6= j ∈ I

p(AB|Ci) = p(A|Ci)p(B|Ci)

(p(A|Ci) − p(A|Cj))(p(B|Ci) − p(B|Cj)) > 0
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Common Cause and Common Cause System

Classical probability measure space: (Ω,Σ, p)

Positive correlation: A, B ∈ Σ

corrp(A,B) = p(AB) − p(A)p(B) > 0

Common cause: C ∈ Σ

p(AB|C) = p(A|C)p(B|C)

p(AB|C) = p(A|C)p(B|C)

Common cause system: partition {Ci}i∈I of Ω

p(AB|Ci) = p(A|Ci)p(B|Ci)

– p. 4



Common Common Cause and System

Two positive correlations: Aj, Bj ∈ Σ j = 1, 2

p(AjBj) > p(Aj)p(Bj)

Common common cause: C ∈ Σ

p(AjBj |C) = p(Aj|C)p(Bj|C)

p(AjBj |C) = p(Aj|C)p(Bj|C)

Common common cause system: partition {Ci}i∈I of Ω

p(AjBj|Ci) = p(Aj|Ci)p(Bj|Ci)
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Chronology

Belnap, Szabó, 1996: common versus separate common cause

Hofer-Szabó, Rédei, Szabó, 1999: (Reichenbachian) common

cause extendability

Hofer-Szabó, Rédei, Szabó, 2002: Common causes are not

common common causes

Hofer-Szabó, Rédei, 2004: Common cause system extendability

Szabó, 2000: Separate-common-cause-model for the EPR?

Grasshoff, Portmann, Wüthrich, 2005: No separate-common-cause

model for perfect EPR correlations

Hofer-Szabó, 2008: Perfect correlation is too strong

Portmann, Wüthrich, 2007; Hofer-Szabó, 2008: No

separate-common-cause model for EPR correlations – p. 6



EPR experiment

up

down

up
a

b

down

Measurement settings:
Left wing: ai Right wing: bj

Measurement outcomes:
Left wing: Ai, Ai Right wing: Bj, Bj

(i, j = 1, 2, 3)
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Conditional probabilities

Conditional probabilities:

p(AiBj |aibj) = Tr(|Ψs〉〈Ψs|PAi
⊗ PBj

) =
1

2
sin2(

θaibj

2
)

p(Ai|aibj) = Tr(|Ψs〉〈Ψs|PAi
⊗ I) =

1

2

p(Bj|aibj) = Tr(|Ψs〉〈Ψs| I ⊗ PBj
) =

1

2

ai, bj: measuring directions

PAi
, PBj

: projections on the positive eigensubspaces of
the spin operators σai

and σbi

|Ψs〉: singlet state vector
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Conditional correlations

Conditional correlations: for ai, bj non-orthogonal
directions

p(AiBj |aibj) 6= p(Ai|aibj)p(Bj|aibj)

Perfect anticorrelation: for ai, bj parallel directions

p(AiBj|aibj) = p(Ai|aibj) = p(Bj |aibj) =
1

2
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Common-causal explanation

Common common cause system: {Ck}n
k=1 ∈ Ω

p(AiBj |aibjCk) = p(Ai|aibjCk)p(Bj|aibjCk)
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Common-causal explanation

Common common cause system: {Ck}n
k=1 ∈ Ω

p(AiBj |aibjCk) = p(Ai|aibjCk)p(Bj|aibjCk)

Locality:

p(Ai|aibjCk) = p(Ai|aiCk) p(Bj|aibjCk) = p(Bj|bjCk)
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Common-causal explanation

Common common cause system: {Ck}n
k=1 ∈ Ω

p(AiBj |aibjCk) = p(Ai|aibjCk)p(Bj|aibjCk)

Locality:

p(Ai|aibjCk) = p(Ai|aiCk) p(Bj|aibjCk) = p(Bj|bjCk)

No-conspiracy: E ∈ D ⊂ Ω generated by {Ck}n
k=1

p(aibjE) = p(aibj)p(E)
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Common-causal explanation

Common common cause system: {Ck}n
k=1 ∈ Ω

p(AiBj |aibjCk) = p(Ai|aibjCk)p(Bj|aibjCk)

Locality:

p(Ai|aibjCk) = p(Ai|aiCk) p(Bj|aibjCk) = p(Bj|bjCk)

No-conspiracy: E ∈ D ⊂ Ω generated by {Ck}n
k=1

p(aibjE) = p(aibj)p(E)

’Reduced’ no-conspiracy:

p(aibjCk) = p(aibj)p(Ck)

– p. 10



How to Avoid the Bell inequalities?

Common common cause system
Locality =⇒ Bell inequalities

No-conspiracy
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How to Avoid the Bell inequalities?

Common common cause system
Locality =⇒ Bell inequalities

No-conspiracy

Possible strategies:
Abandoning no-conspiracy: Brans’ (1988) and
Szabó’s (1995) models
Abandoning locality: Bohmian mechanics
Abandoning common common cause system: ?
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Szabó’s question

Question: ”Whether there exist separate common
causes for the correlations observed in the EPR-Aspect
experiment”? (Szabó, 2000)

– p. 12



Szabó’s question

Question: ”Whether there exist separate common
causes for the correlations observed in the EPR-Aspect
experiment”? (Szabó, 2000)

Separate common causes

Locality ?
= EPR

No-conspiracy
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Szabó’s assumptions

Nine correlating pairs: (Ai, Bj) i, j = 1, 2, 3
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Szabó’s assumptions

Nine correlating pairs: (Ai, Bj) i, j = 1, 2, 3

Separate common causes for each correlation: Cij
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Szabó’s assumptions

No-conspiracy: F ∈ C ⊂ Ω generated by the Cij-s

p(aibjF ) = p(aibj)p(F )
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Szabó’s assumptions

No-conspiracy: F ∈ C ⊂ Ω generated by the Cij-s

p(aibjF ) = p(aibj)p(F )

’Reduced’ no-conspiracy:

p(aibjCkl) = p(aibj)p(Ckl)
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Szabó ’s conjecture

”. . . combinations of the common cause events as
CklCkm, Ckl ∪ Ckm, CklCkmCnl etc. do statistically correlate
with the measurement operations.”

p(aibjCklCmn) 6= p(ai)p(bj)p(CklCmn)

– p. 15



Szabó ’s conjecture

”. . . combinations of the common cause events as
CklCkm, Ckl ∪ Ckm, CklCkmCnl etc. do statistically correlate
with the measurement operations.”

p(aibjCklCmn) 6= p(ai)p(bj)p(CklCmn)

Conjecture: There exists no local, non-conspiratorial
separate-common-cause-model for the EPR.
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The Bern group project

”Whether a model can be constructed without these
correlations [conspiracies] was posed as an open
question by Szabó. This question is answered negatively
by the derivation of Bell’s inequality.” (Grasshoff,
Portmann, Wüthrich, 2005, p. 668.)
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The Bern group project

”Whether a model can be constructed without these
correlations [conspiracies] was posed as an open
question by Szabó. This question is answered negatively
by the derivation of Bell’s inequality.” (Grasshoff,
Portmann, Wüthrich, 2005, p. 668.)

Separate common causes
Locality =⇒ Bell inequality

No-conspiracy
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Assumptions of the Bern group

Three correlating pairs: (Ai, Bi) i = 1, 2, 3
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Assumptions of the Bern group

Three correlating pairs: (Ai, Bi) i = 1, 2, 3

Separate common cause systems: {Ci
k}

n(i)
k(i)=1

p(AiBi|aibiC
i
k) = p(Ai|aibiC

i
k)p(Bi|aibiC

i
k)
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Assumptions of the Bern group

Three correlating pairs: (Ai, Bi) i = 1, 2, 3

Separate common cause systems: {Ci
k}

n(i)
k(i)=1

p(AiBi|aibiC
i
k) = p(Ai|aibiC

i
k)p(Bi|aibiC

i
k)

Locality:

p(Ai|aibiC
i
k) = p(Ai|aiC

i
k), p(Bi|aibiC

i
k) = p(Bi|biC

i
k)

No-conspiracy: E ∈ D ⊂ Ω generated by the
{

Ci
k

}

-s

p(aibjE) = p(aibj)p(E)
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An extra assumption

Perfect anticorrelation: for i = 1, 2, 3

p(AiBi|aibi) = p(Ai|aibi) = p(Bi|aibi)

– p. 18



An extra assumption

Perfect anticorrelation: for i = 1, 2, 3

p(AiBi|aibi) = p(Ai|aibi) = p(Bi|aibi)

Two corollaries:

Determinism:

p(Ai|aiC
i
k), p(Bi|biC

i
k) ∈ {0, 1}

Common cause: {Ci, Ci}

Ci ≡
⋃

k∈Ki

Ci
k, Ci ≡

⋃

k/∈Ki

Ci
k

where k ∈ Ki iff p(Ai|aiC
i
j) = p(Bi|biC

i
k) = 1
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Conclusion of the Bern group

Bell inequalities: for i, j, h = 1, 2, 3 and i 6= j, j 6= h, h 6= i

p(AiBj|aibj) 6 p(AiBh|aibh) + p(AhBj|ahbj)

For the settings θa1b2
= π

4 , θa2b3
= π

2 , θa1b3
= 3π

4 , θaibi
= 0 the

Bell inequality is violated.

Szabó’s conjecture that there exists no local,
non-conspiratorial, separate-common-cause-model for
all EPR correlations is proven.

– p. 19



Interpretation of the Bern group project

”The derivation of the Bell inequality presented here is
an improvement on the usual Bell-type arguments . . . it
does not assume a common common cause variable
[system] for different correlations.” (Grasshoff et al.,
2005)

– p. 20



Interpretation of the Bern group project

”The derivation of the Bell inequality presented here is
an improvement on the usual Bell-type arguments . . . it
does not assume a common common cause variable
[system] for different correlations.” (Grasshoff et al.,
2005)

No connection to a common common cause system?
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Separate vs.common common cause system

Proposition 1: Let (Ai, Bi) (i = 1, 2, 3) be three perfectly
anticorrelating pairs in (Ω,Σ, p) and let {C1

k}, {C2
l } and {C3

m}
(k = 1 . . . n(1), l = 1 . . . n(2), m = 1 . . . n(3)) respectively be
three local, non-conspiratorial separate common cause
systems one for each correlation. Then the partition
generated by the separate common cause systems

{Dklm} ≡
{

C1
kC2

l C3
m

}

is a local, non-conspiratorial common common cause
system of the correlations.

– p. 21



Proof: Screening-off

Screening-off: Since for all k = 1 . . . n(1), l = 1 . . . n(2) and
m = 1 . . . n(3)

{Dklm} ⊆ C1

k , {Dklm} ⊆ C2

l , {Dklm} ⊆ C3

m

and all the separate common cause systems are deterministic,
therefore

p(Ai|aibiDklm) = p(Bi|aibiDklm) ∈ {0, 1}

for all k = 1 . . . n(1), l = 1 . . . n(2),m = 1 . . . n(3) and hence

p(AiBi|aibiDklm) = p(Ai|aibiDklm)p(Bi|aibiDklm)

– p. 22



Proof: Locality

Locality: Since for all i = 1, 2, 3, k = 1 . . . n(1), l = 1 . . . n(2) and
m = 1 . . . n(3)

p(Ai|aibiC
i
k) = p(Ai|aiC

i
k), p(Bi|aibiC

i
k) = p(Bi|biC

i
k)

therefore

p(Ai|aibiDklm) = p(Ai|aiDklm), p(Bi|aibiDklm) = p(Bi|biDklm)
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Proof: No-conspiracy

No-conspiracy: Since the algebra C generated by {C1

k}, {C2

l }
and {C3

m} and the algebra D generated by the common common
cause system {Dklm} are identical
(k = 1 . . . n(1), l = 1 . . . n(2),m = 1 . . . n(3)), it follows that

p(aibjDklm) = p(aibj)p(Dklm)

prescribes the same no-conspiracy for the common common
cause system {Dklm} as the requirement

p(aibjE) = p(aibj)p(E)

for the separate common cause systems, where E ∈ D ⊂ Ω

generated by {C i
k}.
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Derivations of the Bell inequalities

Separate common cause systems
Locality

No-conspiracy =⇒ Bell inequalities
Perfect correlation
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Derivations of the Bell inequalities

Separate common cause systems
Locality

No-conspiracy =⇒ Bell inequalities
Perfect correlation

Common common cause system
Locality =⇒ Bell inequalities

No-conspiracy
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Perfect correlations

”We have not been able to derive a Bell-type inequality
ruling out perfect correlations and allowing different common
cause variables [separate common causes]. If PCORR
[perfect correlation] is indeed a necessary assumption for
our derivation of the Bell inequality, it should be possible to
construct a model in which PCORR [perfect correlation]
does not hold (being violated by arbitrary small deviation,
say). Since the actually measured correlations are never
perfect—a fact that is usually attributed to experimental
imperfections—it is not obvious how such a model could be
refuted.” (Grasshoff et al., 2005, p. 677.)
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A New Derivation of the Bell Inequalities

Separate common cause systems
Locality =⇒ Bell inequalities

No-conspiracy

– p. 27



EPR triples

EPR triple: three pairs (Ai, Bi) (i = 1, 2, 3) (anti)correlating
according to quantum mechanics

EPR∗ triple: an EPR triple with perfect anticorrelation
(probability measure: p∗)

EPR∗(δ) set: the δ-neighbourhood of EPR∗, that is for any
pair (Ai, Bi) (i = 1, 2, 3) of any triple of probability measure of
p in EPR∗(δ) the following holds:

|p(Ai|aibi) − p∗(AiBi|aibi)| 6
δ

2
(1)

|p(Bi|aibi) − p∗(AiBi|aibi)| 6
δ

2
(2)

|p(AiBi|aibi) − p∗(AiBi|aibi)| 6
δ

2
(3)– p. 28



Corollaries

For any two triples of probability measure p and p′ in EPR∗(δ)

|p(Ai|aibi) − p′(Ai|aibi)| 6 δ

|p(Bi|aibi) − p′(Bi|aibi)| 6 δ

|p(AiBi|aibi) − p′(AiBi|aibi)| 6 δ

For any triple of probability measure p in EPR∗(δ)

|p(Ai|aibi) − p(Bi|aibi)| 6 δ

|p(Ai|aibi) − p(AiBi|aibi)| 6 δ

|p(Bi|aibi) − p(AiBi|aibi)| 6 δ

– p. 29



Interpretation of the EPR∗(δ) set

”Deviation parameter”: δ

Interpretations of the EPR ∗(δ) set:

Due to experimental imperfections we are unable to test
perfect anticorrelations with absolute precision and all
we know is that the deviation from perfect anticorrelation
under the given measurement conditions is less than δ.

There is no limit on experimental precision, however, the
measuring directions are set to be not parallel but only
very close to the parallel setting that is for i = 1, 2, 3

|π − θaibi
| < 2 arcsin

√
1 − 2δ

– p. 30



EPR∗(δ) with no separate-common-cause-system-model

Separate-common-cause-system-model of an EPR
triple: three {Ci

k} separate common cause systems
(i = 1, 2, 3; k(i) = 1 . . . n(i)) satisfying screening-off, locality
and no-conspiracy

Proposition 2 There exists an EPR∗ triple and a δ > 0 real
number such that no EPR triple in EPR∗(δ) has a local,
non-conspiratorial separate-common-cause -system-model.
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Sketch of the Proof – Step 1

Step 1 Consider an EPR triple in a given EPR∗(δ) set (δ > 0) and

suppose that this triple has a model with conditional probalilities

αi
k = p(Ai|aiC

i
k)

β
j
l = p(Bj |bjC

j
l )

(i, j = 1, 2, 3; k(i) = 1 . . . n(i), l(j) = 1 . . . n(j)). For these conditional
probabilities (1)-(3) yields

max
i

{

∣

∣

∣

∣

∑

k

(αi

k − βi

k)p(Ci

k)

∣

∣

∣

∣

;
∑

k

αi

k(1 − βi

k)p(Ci

k);
∑

k

(1 − αi

k)βi

kp(Ci

k)

}

6 δ

which after simple calculations results in the following Bell(δ)

inequalities (i, j, h = 1, 2, 3; i 6= j, j 6= h, h 6= i):

p(AiBj |aibj) + 24δ 6 p(AiBh|aibh) + p(AhBj |ahbj)
– p. 32



Sketch of the Proof – Step 2

Step 2 In Step 2 we fix the EPR∗ triple and the deviation parametes δ in

turn such that any EPR triple in EPR∗(δ) will violate the above Bell(δ)

inequalities. Let the EPR∗ triple be characterized by the following

parallel measuring directions

θa1b2 =
π

4
, θa2b3 =

π

2
, θa1b3 =

3π

4
and θaibi

= 0

for which the (original) Bell inequalities are are maximally (
√

2 < 1!)

violated. Hence, setting δ such that

δ ∈ (0,

√
2 − 1

24
)

the Bell(δ) inequalities above are also violated.
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Remarks and Open Question

The separate-common-cause-system-derivation above
provides an experimentally testable verification of
Szabó’s conjecture : there exists no local,
non-conspiratorial separate-common-cause-model in an
appropriate δ-neighborhood of perfect EPR correlations.

– p. 34
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Remarks and Open Question

The separate-common-cause-system-derivation above
provides an experimentally testable verification of
Szabó’s conjecture : there exists no local,
non-conspiratorial separate-common-cause-model in an
appropriate δ-neighborhood of perfect EPR correlations.

The separate-common-cause-system-derivation above
is non-reducible: it does not reduce to a
common-common-cause-system-derivation in the sense
of Proposition 1.

Do there exist separate-common-cause-system
-derivations of Bell-like inequalities with no underlying
common common cause systems at all?

– p. 34



Conclusion

A full-fledged common causal explanation:

local

non-conspiratorial

common common cause system

Since these assumptions together entail various Bell
inequalities one assumption has to be abandoned.

Ambition: preserve locality and no-conspiracy at the
expense of replacing common common cause system with
separate common cause systems.

Conclusion: There exists no local, non-conspiratorial
separate common causal explanation of the EPR.

– p. 35
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