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Main Message

The spacelike correlations entailed by violation of Bell’s inequality in quantum
field theory cannot be considered as disconfirming evidence for the Common
Cause Principle because

It is not known if properly localized commuting common causes of the
spacelike correlations exist

It is known that

weakly localized commuting common causes of spacelike correlations
exist in quantum field theory in four dimensional spacetime

weakly localized non-commuting common causes of spacelike
correlations exist in lattice quantum field theory in 1+1 dimensional
discrete spacetime

The Common Cause Principle seems maintainable in spite of spacelike

correlations entailed by entangled states in quantum field theory if one is

willing to accept non-commuting common causes
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Reichenbach’s Common Cause Principle

Compact formulation:
No correlation without causation

Explicitly:

If two events A,B are probabilistically correlated, then either
there is a causal connection between A and B that is

responsible for the correlation or there is a third event C, a
(Reichenbachian) common cause which brings about the

correlation.
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Reichenbach’s notion of common cause

Definition:
(Σ, p) classical probability space

C ∈ Σ is a common cause of the
correlation

p(A ∩ B) > p(A)p(B)

if

p(A ∩ B|C) = p(A|C)p(B|C)

p(A ∩ B|C⊥) = p(A|C⊥)p(B|C⊥)

p(A|C) > p(A|C⊥)

p(B|C) > p(B|C⊥)
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Non-commutative probability space

Replace (Σ, p) by (L, φ)

L = non-distributive orthocomplemented (σ-) lattice
φ = (σ-) additive measure on L.
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Non-commutative probability space

Replace (Σ, p) by (L, φ)

L = non-distributive orthocomplemented (σ-) lattice
φ = (σ-) additive measure on L.

Special case:
L = P(N ) (von Neumann lattice) of projections of a von
Neumann algebra N
φ = a normal state.
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Non-commutative probability space

Replace (Σ, p) by (L, φ)

L = non-distributive orthocomplemented (σ-) lattice
φ = (σ-) additive measure on L.

Special case:
L = P(N ) (von Neumann lattice) of projections of a von
Neumann algebra N
φ = a normal state.

A,B ∈ L compatible elements are correlated in φ if

φ(A ∧ B) > φ(A)φ(B)
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Comm. cause in non-comm. prob. space

Definition:
C ∈ L is a common cause of the correlation if

C is compatible with both A and B and

φ(A ∧B ∧ C)

φ(C)
=

φ(A ∧ C)

φ(C)

φ(B ∧ C)

φ(C)

φ(A ∧ B ∧ C⊥)

φ(C⊥)
=

φ(A ∧ C⊥)

φ(C⊥)

φ(B ∧ C⊥)

φ(C⊥)

φ(A ∧ C)

φ(C)
>

φ(A ∧ C⊥)

φ(C⊥)

φ(B ∧ C)

φ(C)
>

φ(B ∧ C⊥)

φ(C⊥)
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Common cause completeness of(L, φ)

Proposition:
Kitajima, IJTP 2008, Z. Gyenis and Redei, Erkenntnis, submitted

If L is an atomless, σ complete, orthomodular lattice
and φ is a faithful σ additive general probability measure on

L then (L, φ) is common cause complete
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Common cause completeness of(L, φ)

Proposition:
Kitajima, IJTP 2008, Z. Gyenis and Redei, Erkenntnis, submitted

If L is an atomless, σ complete, orthomodular lattice
and φ is a faithful σ additive general probability measure on

L then (L, φ) is common cause complete

Proposition – Corollary:
If N is a type II or type III von Neumann algebra and φ is a
faithful normal state on N then (P(N ), φ) is causally
complete with respect to every pair of logically independent
sublattices
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Causal completeness of AQFT

Is Algebraic Relativistic Quantum Field Theory
causally complete?

Informal definition of
causal completeness

of Algebraic Relativistic Quantum Field Theory:

Algebraic relativistic quantum field theory is causally
complete if it can explain, in terms of properly localized
common causes, the correlations between physical
quantities located in causally independent parts of
spacetime
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Spacelike correlations in AQFT

Proposition If V1 and V2 are spacelike separated double
cones or wedges then the set of normal states for which
there exist spacelike correlated projections A ∈ A(V1)

B ∈ A(V2) is norm-dense in the normal state space of
A(V1) ∨ A(V2)

Proposition If V1 and V2 are spacelike separated tangent
double cones or complementary wedges then for every
normal states on A(V1) ∨ A(V2) there exist spacelike
correlated projections A ∈ A(V1) B ∈ A(V2)

Propositions are consequences of maximal violation of Bell’s
inequality in AQFT
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Local common causes in AQFT

AQFT predicts spacelike correlations
spacelike related entities cannot stand in causal relation

⇓
causal completeness of AQFT requires
existence in AQFT of common causes

of spacelike correlations
but

all observables (projections) must be local
⇓

common causes must be local
⇓

where should they be localized?

Bell in AQFT – p. 10



Possible regions of locality

BLC(V ): union of the backward light cones of every point in V

For spacelike V1, V2 three possible causally non-independent regions:

wpast(V1, V2) ≡ (BLC(V1) \ V1) ∪ (BLC(V2) \ V2)

cpast(V1, V2) ≡ (BLC(V1) \ V1) ∩ (BLC(V2) \ V2)

spast(V1, V2) ≡ ∩x∈V1∪V2
BLC(x)

spast(V1, V2) consists of spacetime points each of which
can causally influence every point in both V1 and V2

cpast(V1, V2) consists of spacetime points each of which
can causally influence at least some point in both V1 and
V2

wpast(V1, V2) consists of spacetime points each of which
can causally influence at least some point in either V1 or
V2 Bell in AQFT – p. 11



Local common cause in AQFT

Definition If (A(V1),A(V2), φ) is a local system such that

φ(A ∧B) > φ(A)φ(B) (1)

for some A ∈ A(V1), B ∈ A(V2) and there exists a projection C

in a von Neumann algebra A(V ) which is a common cause
of the correlation (1), then the local system (A(V1),A(V2), φ)

is said to satisfy the

Weak Common Cause Principle if V ⊆ wpast(V1, V2)

Common Cause Principle if V ⊆ cpast(V1, V2)

Strong Common Cause Principle if V ⊆ spast(V1, V2)
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Def. of causal completeness of AQFT

Definition AQFT is causally complete (Reichenbach’s
Common Cause Principle holds in AQFT) (respectively in
the weak or strong sense) iff for every pair of spacelike
separated convex spacetime regions V1, V2 and every normal
state φ, the local system (A(V1),A(V2), φ) satisfies the
Common Cause Principle (respectively in the weak or strong
sense)
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Def. of causal completeness of AQFT

Definition AQFT is causally complete (Reichenbach’s
Common Cause Principle holds in AQFT) (respectively in
the weak or strong sense) iff for every pair of spacelike
separated convex spacetime regions V1, V2 and every normal
state φ, the local system (A(V1),A(V2), φ) satisfies the
Common Cause Principle (respectively in the weak or strong
sense)

Problem

Is AQFT causally complete?
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Prop. on causal closedness of AQFT

Proposition 1 If the net {A(V )} satisfies the standard
conditions including local primitive causality, then every local
system (A(V1),A(V2), φ) with V1, V2 spacelike separated
double cones and with a locally normal and locally faithful
state φ satisfies the Weak Common Cause Principle

"AQFT is weakly causally complete"
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Prop. on causal closedness of AQFT

Proposition 1 If the net {A(V )} satisfies the standard
conditions including local primitive causality, then every local
system (A(V1),A(V2), φ) with V1, V2 spacelike separated
double cones and with a locally normal and locally faithful
state φ satisfies the Weak Common Cause Principle

"AQFT is weakly causally complete"

Proposition 2 AQFT is (trivially) not strongly causally
complete
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Prop. on causal closedness of AQFT

Proposition 1 If the net {A(V )} satisfies the standard
conditions including local primitive causality, then every local
system (A(V1),A(V2), φ) with V1, V2 spacelike separated
double cones and with a locally normal and locally faithful
state φ satisfies the Weak Common Cause Principle

"AQFT is weakly causally complete"

Proposition 2 AQFT is (trivially) not strongly causally
complete

It is not known if AQFT is casually complete
||

stronger than weak, weaker than strong
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Generalizations

Two generalizations:

1. Finer resolution of the causal background

2. Fully exploiting noncommutativity

Two advantages:

1. Wider scope of validity of Common Cause Principles in
AQFT

2. Common causal explanation of correlations violating the
Bell inequalities

(Work done together with Péter Vecsernyés)
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Classical common cause system

Correlation: A, B ∈ Σ

p(AB) 6= p(A)p(B)

Common cause system (CCS): partition {Ck}k∈K in Σ

p(AB|Ck) = p(A|Ck) p(B|Ck)

Common cause: CCS of size 2.
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Joint common cause system

Correlations: Am, Bn ∈ Σ (m ∈M,n ∈ N)

p(AmBn) 6= p(Am) p(Bn)

Joint CCS: partition {Ck}k∈K in Σ

p(AmBn|Ck) = p(Am|Ck) p(Bn|Ck)
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Non-classical common cause system

Non-classical probability space: (P(N ), φ)

Correlation: A, B ∈ P(N )

φ(AB) 6= φ(A)φ(B)
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Non-classical common cause system

(Non-classical) CCS: partition {Ck}k∈K in P(N )

(φ ◦ Ec)(ABCk)

φ(Ck)
=

(φ ◦ Ec)(ACk)

φ(Ck)

(φ ◦ Ec)(BCk)

φ(Ck)

Conditional expectation:

Ec : N → C, A 7→
∑

k∈K

CkACk

Commuting / Noncommuting CCS: {Ck}k∈K is
commuting / not commuting with A and B
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Noncommuting common causes

But why to demand commutativity between a cause and
its effects?

Standard QM: operators do not commute with their time
translates:

Harmonic oscillator: x(t) ≡ U(t)−1xU(t)

[

x(t), x
]

ψ0 = −
i~

mω
sin (~ωt)ψ0 6≡ 0
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Joint common cause system

Set of correlations: Am, Bn ∈ P(N )

φ(AmBn) 6= φ(Am)φ(Bn)

Joint CCS: partition {Ck}k∈K in P(N )

(φ ◦ Ec)(AmBnCk)

φ(Ck)
=

(φ ◦ Ec)(AmCk)

φ(Ck)

(φ ◦ Ec)(BnCk)

φ(Ck)
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Two advantages

1. A wider scope of Common Cause Principles in AQFT

2. Common causal explanation of correlations violating the
Bell inequalities

Bell in AQFT – p. 22



Algebraic quantum field theory

Poincaré covariant AQFT:
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Quantum Ising model:
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Common Cause Principles in AQFT
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Weak (Commutative/Noncommutative) CCP
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Common Cause Principles in AQFT
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C k

(Commutative/Noncommutative) CCP
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Common Cause Principles in AQFT
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C k

Strong (Commutative/Noncommutative) CCP
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Common Cause Principles in AQFT
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Ck

Proposition: The Weak Commutative CCP holds in
Poincaré covariant AQFT (Rédei, Summers, 2002).

Question: What about other AQFTs?
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Common Cause Principles in AQFT

����
����
����
����

����
����
����
����

����
����
����
����
����

����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

����
����
����
����
����

����
����
����
����
����

�����
�����
�����
�����

�����
�����
�����
�����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
��������

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
���� ����

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
��������

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
����������
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

B

C

A

k

Proposition: The Weak Commutative CCP does not
hold in quantum Ising model (Hofer-Szabó, Vecsernyés,
2012a).

Question: What about abandoning commutativity?
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Common Cause Principles in AQFT
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Proposition: The Weak Noncommutative CCP holds in
quantum Ising model (Hofer-Szabó, Vecsernyés, 2012b).
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Moral

Applying noncommuting common causes helps us to
maintain the validity of the Weak Common Cause
Principle in AQFT.
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Clauser–Horne inequality

Joint CCS
Locality =⇒ CH inequality

No-conspiracy

−1 6 p(A1B1|a1b1) + p(A1B2|a1b2) + p(A2B1|a2b1)

−p(A2B2|a2b2)− p(A1|a1)− p(B1|b1) 6 0

(which is equivalent to the CHSH inequality.)
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EPR correlations

Conditional probabilities:

p(Am|am), p(Bn|bn), p(AmBn|ambn) (m,n = 1, 2)

CH inequalitity is violated.

Therefore: no common causal explanation for EPR.
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Quantum ontology

Event space: von Neumann lattice

Events: projections

Probability: quantum state

CH inequality:

−1 6 φ (A1B1 + A1B2 + A2B1 −A2B2 − A1 − B1) 6 0

Joint CCS: partition {Ck}k∈K in P(N )

(φ ◦ Ec)(AmBnCk)

φ(Ck)
=

(φ ◦ Ec)(AmCk)

φ(Ck)

(φ ◦ Ec)(BnCk)

φ(Ck)
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Clauser–Horne inequality

Commuting joint CCS
(Locality) =⇒ CH inequality

(No-conspiracy)

−1 6 φ (A1B1 + A1B2 + A2B1 −A2B2 − A1 − B1) 6 0

EPR has no commutative common causal explanation
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Noncommuting common causes

Noncommuting joint CCS
(Locality) 6=⇒ CH inequality

(No-conspiracy)

Question: Can a set of correlations violating the CH
inequality have a noncommuting joint common causal
explanation in AQFT?
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Correlations violating CH
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mA Bn

Am = A(−→a m), Bn = B(
−→
b

n): four projections (m,n = 1, 2)

−→
a

m,
−→
b

n: Bell directions

ρs: singlet state

Maximal violation of the CH (CHSH) inequality.
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Noncommuting common causes

... after some calculation ...

ρC = 1+ λU
−

1

2

U 1

2

+
1 + λ

2
c1(U−

1

2

+ U 1

2

) +
1− λ

2
c′
1
(U

−
1

2

− U 1

2

)

+
1 + λ

2
c2(U0 − U

−
1

2

U0U 1

2

)− λc2(U−1U0U1 + U−1U−
1

2

U0U 1

2

U1)

+
1− λ

2
c′
2
(U0 + U

−
1

2

U0U 1

2

)

+
1 + λ

2
c3i(U−

1

2

U0 − U0U 1

2

) +
1− λ

2
c′
3
i(U

−
1

2

U0 + U0U 1

2

)

+λc1c2(U−1U−
1

2

U0U1 + U−1U0U 1

2

U1)

+λc2
2
(−U−1U1 + U−1U−

1

2

U 1

2

U1)

+λc2c3i(U−1U−
1

2

U1 − U−1U 1

2

U1).

Answer: Yes.
Bell in AQFT – p. 37



Joint common cause system in AQFT
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C
mA Bn

Proposition: (Hofer-Szabó, Vecsernyés, 2012c)
There is a noncommuting common cause {C,C⊥} of the
correlations {(Am, Bn)}; and it can be localized in the
shaded region.
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Conclusion

Embracing noncommuting common causes in the causal
explanation helps us

to maintain the validity of the Common Cause Principles
in AQFT,

to provide a joint common causal explanation for
correlations violating the Bell inequalities.
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Remarks

In the noncommutative case the theorem of total
probability does not hold. (No ’Hempelian’ explanation.)

Are the (Strong/Weak) Noncommutative Joint CCPs
valid in AQFT?

What are the ontological consequences of applying
noncommutative common causes?
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