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1 Reichenbach’s Common Cause Principle

No correlation without causation. This is, in its most compact and general
formulation, the essence of what became called the Common Cause Principle
(CCP). Further specifications of CCP typically make it either an ontic or an
epistemic principle. The ontic version asserts that if two events A and B are
correlated, then either there is a causal connection between A and B that brings
about the correlation or there is a third event C' (common cause) that stands in
a causal connection with A and B, and it is this C' that causes the correlation.
The epistemological CCP reads: on the basis of a correlation between A and
B one is justified to infer either the presence of a causal connection between A
and B, or to infer the existence of another event C' together with the presence
of a causal connection between C' and A and B.

The ontic CCP is the more fundamental, since the fate of the epistemic
CCP rests on the status of the ontic CCP: if the ontic CCP does not hold as



a general principle, then it is pointless to formulate a general methodological
rule instructing us to safely infer presence of causal relations that might in fact
not exist. This is in contrast to the position advocated by Sober [33], who
strongly emphasized the need to distinguish between the epistemic and ontic
versions of CCP but argued that it does make methodological sense to maintain
an epistemic CCP even if the ontic reading of CCP cannot be maintained in
its full generality. Sober is forced to take this position because he accepts the
standard interpretation of violation of Bell’s inequality by quantum mechanics,
advocated e.g. by van Fraassen [43] and [3], according to which the ontic CCP is
violated by experimentally confirmed quantum correlations. We shall return in
Section 6 to the issue of whether quantum correlations do indeed imply violation
of CCP, and we shall argue that if CCP is specified in the sense of Reichenbach,
then this is either not true or is still an open problem. If, however, quantum
correlations did indeed violate CCP, we would not consider this “... a very
small challenge to the principle construed methodologically...” [33][p. 214] but
a major blow. Thus in what follows, we shall interpret CCP in the ontic sense.

Even with the ontic-epistemic specification, the content of CCP, as formu-
lated above, is still very vague, since all the notions involved in it are to be
specified: The notion of a causal relation R.(A, B) between two events A and B
is notoriously elusive and the common cause relation R..(A, B,C) between the
three events indicated is also to be made more precise for CCP to have some
more specific content. The classic further specification of CCP is due to Re-
ichenbach. In his book [25] Reichenbach interprets A and B as random events in
the sense of classical probability theory, he interprets correlation between A and
B as (positive) probabilistic correlation and gives an explicit formal definition
of the common cause relation R..(A, B,C) (called by Reichenbach conjunctive
fork) in terms of the probabilities of the events involved:

Definition 1.1 Let (S, p) be a Kolmogorovian probability space with the Boolean
algebra S representing the set of random events and with the probability measure
p on S. The triple (A, B,C) of events in S is called a conjunctive fork if the
following conditions hold

p(ANB|C) = p(A[C)p(B|C) (1)
P(ANBICT) = p(A|CH)p(BIC) (2)
p(AIC) > p(A|CH) 3)
p(BIC) > p(BICY) (4)

where p(X|Y) = p(X AY)/p(Y) denotes the conditional probability of X on
condition Y, C+ denotes the complement of C and it is assumed that none of
the probabilities p(X), (X = A, B,C,C+) is equal to zero.

It has become standard terminology to call (1) and (2) screening off conditions,
and to call (1)-(4) Reichenbachian conditions.



Reichenbach defines the notion of common cause of a probabilistic correlation
in terms of a conjunctive fork:

Definition 1.2 Given A and B that are correlated
p(ANAB) > p(A)p(B) (5)

the event C is called common cause of the correlation (5) if A,B,C form a
conjunctive fork.

Following Reichenbach, we have formulated the notion of common cause of a
positive correlation. It is clear, however, that a notion of common cause of a
negative correlations can also be formulated by a slight and trivial modifica-
tion of the conditions (3) and (4). To simplify matters and formulas, in what
follows we consider only positive correlations; however, every proposition and
interpretation we present here is valid for arbitrary correlations, even when we
consider a set of correlations. Whenever the issue of the sign of the correlation
is important, we will indicate it.

Reichenbach considers Definition 1.2 justified by the fact that if A, B,C
form a conjunctive fork, then C' indeed “causes” the correlation in the sense
that the conjunctive fork relation between A, B and C entails that there is
positive correlation between A and B. To be more precise, Reichenbach proves
the following proposition.

Proposition 1.1 Conditions (1)-(4) imply (5), i.e. if (1)-(4) hold for A, B
and C, then A and B are positively correlated.

Reichenbach’s other way of expressing the content of Proposition 1.1 was to
say that C ezplains the correlation, by which he meant precisely the deducibility
of the correlation from the assumption of the conjunctive fork property — an
instance of Hempel’s concept of explanation [8].

For later purposes we introduce some further terminology in connection with
the notion of common cause.

Definition 1.3 1. Let A(X,Y) = X\YUY \ X be the symmetric difference
of sets X,Y. A common cause C' of the correlation between A, B is called
proper if p(A(A4,C)) = p(A(B,(C)) # 0, i.e. if the common cause differs
from the correlated events by more than a measure zero event. Otherwise
C is called improper.

2. It can happen that, in addition to being a probabilistic common cause,
the event C logically implies both A and B, i.e. C C A A B. If this is the
case then we call C' a strong common cause. If C' is a common cause such
that C € A and C € B then C is called a genuinely probabilistic common
cause.



3. A common cause C will be called deterministic if

pAlC) = 1 =u(B|C) (6)
pAICH) = 0 = pu(BICT) (7)

Note that the notions of deterministic and genuinely probabilistic common cause
are not negations of each other. There does not seem to exist any straightforward
relation between the notions of deterministic, genuinely probabilistic and proper
common causes, as we have defined them.

It is easy to see that the following proposition is true ([37]):

Proposition 1.2 If A and B are maximally correlated, i.e.
p(A|B) =p(B|A) =1 (8)

then the correlation between A and B can have a deterministic common cause
only.

With Reichenbach’s specification of the notion of common cause one obtains
Reichenbach’s Common Cause Principle (RCCP): If two events A and B are
probabilistically correlated in the sense of (5), then this probabilistic correlation
is either due to a direct causal connection between A and B, or, if there is no
direct causal connection between A and B, then there exists a third event C
that is a common cause of the correlation in the sense of Definition 1.2.

RCCP as just formulated is still in need of further clarification in a crucial
respect: depending on the particular notion of event and on the related inter-
pretation of probability one obtains different RCCP’s, and extreme care must
be exercised not to confuse the different notions of event in connection with
RCCP. There are two, radically different ways of interpreting events: events
can be viewed as singular and individual occurrences that happen only once at
a particular time and location, or they can be taken as what became called event
types. A die landing on one of its sides, say 6, at a specific time and location is
a singular event, while “result of the throw is 6” is an event type if it is viewed
as the collection of singular events in each of which the die has landed on its
side 6 at a particular time and location.

These two interpretations of events give rise to two different kinds of prob-
ability: one in which it is singular events that have probabilities (sometimes
called “chances”), and the other in which probabilities are assigned to event
types only. For instance, in the propensity interpretation it is singular events
that have probabilities, while probabilities are assigned only to event types in
the frequency interpretation. !

1In accordance with with our intention to view RCCP as an ontic principle we leave aside
a Bayesian, or any other interpretation in which the entities that are assigned probabilities
are subjective in the sense of not being accessible to observers as events. For some comments
on a Bayesian interpretation of RCCP see [42][p. 194]



The literature on RCCP (and on probabilistic causality in general) is sur-
prisingly rich in misunderstandings, ambiguities and in sheer nonsense related
to the confusion about these two interpretations of events. It is not entirely
clear, for instance, how Reichenbach himself interpreted events and their prob-
abilities in connection with his notion of common cause. Some of the examples
he provides to illustrate the notion of common cause give the impression that he
considered meaningful to talk about the probabilities of singular events but he
does not say so explicitly, nor does he endorse an explicitly frequentist position
in connection with the notion of common cause. Be it as it may, we take the
position here that Reichenbach’s notion of common cause is to be interpreted
in terms of event types and we interpret probability according to the relative
frequency view. We are motivated to opt for this choice by the fact that the
frequency view, its conceptual problems notwithstanding, is the only serious
candidate for an interpretation of probability in sciences.?

2 Common cause extendibility of classical events
structures

In principle, there are two ways to interpret CCP in general, each determined
by how one views the status of the principle with respect to the conditions of
its validity: CCP can be viewed as a falsifiable or a non-falsifiable principle. In
the falsificationist interpretation, CCP is a claim that can possibly be shown
not to hold for some empirically given events and their correlations; in the
non-falsificationaist interpretation CCP cannot be false — whatever the actual
circumstances. Once CCP is specified by particular definitions of the causal
R.(A, B) and common cause R.c(A, B), relations, it should be a matter of fact
whether the resulting particular CCP is a falsifiable or non-falsifiable principle.
Is Reichenbach’s common cause principle (RCCP) falsifiable or non-falsifiable?

We shall argue that RCCP, as formulated in section 1, is not falsifiable,
but the argument cannot be trivial, since RCCP is certainly not trivially non-
falsifiable: it is not true that every classical probability space (S,p) is provably
common close complete in the sense that for any A, B € S that are correlated
in p there exists a C € S which is a (proper)® common cause of the correlation
between A and B. There exists common cause incomplete probability spaces.
For instance the probability space below is common cause incomplete.

Does existence of common cause incomplete probability spaces entail that
RCCP is possibly falsifiable? Such a conclusion would only be justified if one
could prove that a certain common cause incomplete probability space (S, p)

2For a non-probabilistic specification of Reichenbach’s common cause principle in terms of
branching spacetime see [2] and [15].

3The qualification “proper” is important here: both A and B satisfy Reichenbach condi-
tions, however, we would not consider them proper common causes of the correlation between
A and B.
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Figure 1: Common cause incomplete Boolean algebra

cannot even be made common cause complete with respect to the correlation
that does not have a common cause in S. This is because RCCP is not the claim
that given a correlated pair (A, B) of events in S there has to exist a common
cause C' that belongs to S: RCCP is a pure existence claim, and it is precisely
this pure existence claim character that makes it non-falsifiable. If, however,
one wishes to maintain the validity of RCCP despite the threat coming from
the existence of common cause incomplete probability spaces, then one has to
be able to claim that there might exist an event not accounted for in & which
satisfies Reichenbach’s conditions. Furthermore, for such a defense of RCCP
to be acceptable, the assumption of the existence of such a “hidden” event as
well as the value of its particular probability must be consistent with the events
and their probabilities as specified by (S,p); in short, the probability space
(S,p) must be consistently extendable into a larger probability space (S',p’)
that contains an event satisfying Reichenbach’s conditions. If this can be done,
we call (S,p) common cause completable with respect to the given correlation.
It can be shown [11] that every common cause incomplete probability space is
common cause completable with respect to any finite set of correlation in it. To
present the precise proposition we need some definitions first.

Definition 2.1 The probability space (S', ') is called an extension of (S, ) if
there exists a Boolean algebra embedding h of S into S’ such that

w(X) = p' (MX)) forall X €8 (9)



This definition, and in particular the condition (9), implies that if (S'u')
is an extension of (S, u) (with respect to the embedding h), then every single
correlation pu(A A B) > u(A)u(B) in (S, ) is carried over intact by h into the
correlation

1 (h(A) A h(B))

1 (h(A N B))
= wAAB) > p(A)u(B) = i (h(A)u' (h(B))

Hence, it makes sense to ask whether a correlation in (S, ) has a Reichenbachian
common cause in the extension (S', u').

Given a correlation p(A A B) > p(A)p(B), we call a set of five real numbers
rc, TA|C, TB|C, Talct, TBjct admissible if they satisfy conditions (10)-(16)
below.

0 < rao,rBiesTact,TBIor <1 (10)

p(A) = raerc+racr(l—ro) (11)
p(B) = rpicre+rpcr(l1-rc) (12)
P(AANB) = racrperc+racerpeL(l—re) (13)
0 < rex1 (14)

TAlc > Talct (15)
rpic > TB|Cct (16)

It is easy to see [11] that given a correlation p(AAB) > p(A)p(B) and a common
cause C' of it the numbers rc = p(C), r41cp(A|C), r51cp(B|C), 7 4jc- p(A|CH),
and rp o1 p(B|C") are admissible numbers. This motivates the following defi-
nition.

Definition 2.2 A common cause C' of a correlation p(A A B) > p(A)p(B) is
said to have (be of ) the type (rc,rajc,TB|C>TA|cL>TB|cL) if these numbers are
equal to the probabilities indicated by the indices, i.e. if the equations (17)-(21)
below hold.

p(C) = rc (17)
p(A|C) = rac (18)
pAICh) = ryon (19)
P(B|C) = TB|C (20)
P(B|CL) = TBlct (21)

Elementary algebraic calculations show [11] that the following proposition is
true.



Proposition 2.1 Given any correlation p(A A B) > p(A)p(B) in (L,p) there
ezists a non-empty two parameter family of numbers

rc(t,s),raic(t, 8),mBic(t,8),Tajcx (t,8), TR (T, 8)
that satisfy the relations (10)-(16).

Definition 2.3 We say that (S', p') is a type-(rc,raj0,TB|C>TA|CL > TBICL) COM-
mon cause completion of (S,p) with respect to the correlated events A, B
if (8',p") is an extension of (S,p), and there exists a Reichenbachian com-
mon cause C € S' of type-(rc,Tajc,TB|Cs Tajct,TB|cL) of the correlation
p'(h(A) AR(B)) > p'(h(A))p' (h(B)).

We can now give the following definition:

Definition 2.4 Let (S, p) be a probability space and {(A;, B;) | i € I} be a set of
pairs of correlated events in S. We say that (S,p) is common cause completable
with respect to the set {(A;, B;) | i € I} of correlated events if, given any set of
admissible numbers (Té‘JTil\CJT%w”fMCi’er|CL) for every i € I, there exists
a probability space (S',p') such that for every i € I the space (S',p') is a type-
(riC’TAIC’Tij’rf4|cl’r33|cL) common cause extension of (S,p) with respect to
the correlated events A;, B;.

Proposition 2.2 Every classical probability space (S, p) is common cause com-
pletable with respect to any finite set of correlated events.

Proposition 2.2 was proved in [11], the proof is constructive: the probability
space 8',p') is constructed from the elements of (S, p). The following problem is
open, we conjecture that the answer to the question formulated in it is positive:

Problem 2.1 Is Proposition 2.2 true for an arbitrary (i.e. possibly infinite) set
of correlated events?

3 Common cause completability of non-classical
probability spaces

Replacing the Boolean algebra S and p in (S,p) by a general orthomodular
lattice £ and by an additive (o-additive if £ is a o-lattice) state on £ one
obtains a general non-classical probability space (£,p). Typical examples of
such non-classical probability spaces are the projection lattices P(N') of von
Neumann algebras N with a normal state p on A/. Two elements A, B € £ are
called compatible if A= (AN B)U (AN BY). If A, B are compatible and

p(AAB) > p(A)p(B) (22)



then A and B are called (positively) correlated with respect to the state p.

We wish to raise the problem of whether non-classical probability spaces are
also common cause completable. To formulate this question precisely, we need
to re-define the notion of common cause in these non-classical probability struc-
tures because not all events are compatible in these non-classical structures,
consequently, the classical definition of conditional probability does not make
sense between arbitrary elements. So one either has to replace the classical con-
ditional probabilities in Reichenbach’s definition of common cause (Definition
1.2) by some non-classical analogues, or one has to stipulate that only such C’s
can be common causes that are compatible with both A and B. We chose the
second option here. The reason is that we also wish to consider the common
causes in non-classical probability spaces as explanations of the correlation, just
like in the classical case. As we discussed in section 1, the explanatory power of
common causes in classical probability spaces comes from Proposition 1.1. The
validity of this proposition rests on the theorem of total probability, i.e. on the
equation X = (X AC) V (X A Ct) with X = A, B, which holds if and only
if A,B and C are compatible. (For a detailed discussion see [9], [10].) So we
stipulate

Definition 3.1 If A and B are positively correlated, then C' € L is called a
common cause of the correlation (22) if C is compatible with both A and B and
the following conditions hold.

p(ANB|C) = p(A|C)p(B|C) (23)
p(AABICT) = p(A|CH)p(BIC) (24)
p(AIC) > p(4|CH) (25)
p(BIC) > p(B|CY) (26)

where p(X|Y) = p(XAY)/p(Y) denotes the conditional probability of X on con-
dition Y and it is assumed that none of the probabilities p(X), (X = A, B,C,C"t)
is equal to zero.

Just like a classical probability space, a non-classical probability space (£, p)
may contain a correlation without containing a proper common cause of the
correlation in the sense of Definition 3.1. If this is the case, then we call the
non-classical probability space common cause incomplete, and we may ask if
the non-classical probability space can be enlarged so that the enlarged space
contains a proper common cause. What is meant by “enlargement” is completely
analogous to the classical case: The probability space (£',p') is an extension of
the probability space (£, p) if there exists a lattice homomorphism A (preserving
also the orthocomplementation) of £ into £' such that p'(h(X)) = p(X) for all
X € L and such that X # Y implies h(X) # h(Y) (h is an embedding).

Having these definitions, we can define the type of the common cause in a
non-classical probability space in exactly the same way as in the classical case,



we can also speak of admissible numbers, of common cause extension of a given
type and of common cause extendability, the latter meaning that common cause
extensions of every admissible type exist (see [11] and [12] for details). We can
then formulate the following problem.

Problem 3.1 Is every non-classical probability space (L, p) common cause com-
pletable with respect to any set of events that are correlated in p?

The answer to this question is not known; however, it is known to be affir-
mative in an important special case of non-classical probability spaces: when £
is a von Neumann lattice P(N) of projections of a von Neumann algebra N:

Proposition 3.1 Every quantum probability space (P(N), @) is common cause
completable with respect to the set of pairs of events that are correlated in the
normal state ¢.

Note that Propositions 2.2 and 3.1 do not imply that probability spaces are
common cause closed, where by common cause closedness is meant that the
set of events contains a (proper) Reichenbachian common cause of every single
correlation in the probability space. In fact, it is not known*

Problem 3.2 Are there common cause closed classical or non-classical proba-
bility spaces? In particular, it would be interesting to know if a probability space
with a finite set of events can be common cause closed.

Whether or not common cause closed probability spaces exist, it is not rea-
sonable to expect a probabilistic physical theory to be common cause closed,
this requirement would be too strong. This is because one does not expect to
have a proper common cause explanation of probabilistic correlations that arise
as a consequence of a direct physical influence between the correlated events,
or which are due to some logical relations between the correlated events. One
would want to have a common cause explanation of correlations only between
events A, B that are not directly causally related and which do not stand in a
straightforward “logical consequence relation” to each other — this is in confor-
mity with the content of RCCP. Thus an explicit notion of the causal dependence
relation R.(A, B), different from the notion of the standard probabilistic inde-
pendence (correlation), and also a definition of logical independence is needed
to formulate a reasonable notion of common cause closedness. We do have a
concept of “logical independence” (see [20], [19] and [22]). Two orthocomple-
mented sub-lattices £; and L2 of an orthomodular lattice £ are called logically
independent if AN\ B # 0 for any A € £; and B € £,. This is an independence

4Some preliminary investigations seem to indicate that common cause closed probability
spaces exist: the probability space with a 25 element Boolean algebra can be common cause
closed. Interestingly it seems that this is the only finite Boolean algebra that can be common
cause closed, see [7].
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condition that obtains between spacelike separated local systems in the sense
of (algebraic) quantum field theory; so this logical independence condition can
be viewed as a lattice theoretic formulation of a necessary condition of causal
disjointness of events. It seems reasonable then to expect a probabilistic physi-
cal theory represented by a probability space (£, u) to be common cause closed
with respect to the correlated elements in every two, logically independent,
commuting sub-lattices £1,Ls. It is not known if this is possible:

Problem 3.3 Is there a classical (S,p) probability space such that (S,p) is
common cause closed with respect to all correlations between elements of any
two (or two fized) logically independent sub-Boolean lattices Si,S2 of (S,p)?
How about the same problem for non- classical probability spaces?

4 Common causes are not common common causes

Note that what Propositions 2.2 and 3.1 say is not that there exists a common
common-cause C' of the whole set of correlations between (4;, B;) (1 =1,2...n);
in fact, the common causes C; constructed explicitly in the proof of Propositions
2.2 and 3.1 in [11] are all different: C; # C; (i # j). This leads to the following
question: Let (A4;,B;) (i = 1,...n) be a finite set of pairs of events in (S,p)
that are correlated (p(A4; A B; > p(A4;)p(B;) for every 7). We say that C is a
common common cause of these correlations if C' is a Reichenbachian common
cause of the correlated pair (A4;, B;) for every i. Does every set of correlations
in a classical probability space have a common common cause? The answer is
known to be negative:

Proposition 4.1 There exists a probability space (S, p) and two correlated pairs
of events (A1, B1) and (A2, B2) in (S,p) such that there does not exist in (S,p)
a common common cause of these correlations, and there cannot exists an ex-
tension (S',p') of (S,p) that contains a common common cause of these two
correlations.

This proposition, proved in [13], shows that Propositions 2.2 and 3.1 can-
not be strengthened in the following sense: While it is true that, given a finite
set of correlations in a common-cause incomplete probability space, classical or
quantum, the probability space can always be enlarged so that the larger one
contains a common cause of each correlation in the given set, these common
causes differ from correlation to correlation, and, in general, there exists no en-
largement that contains a common common cause of even two of the correlations
in the finite set. One conclusion one can draw from this is that the notions of
common cause and of common common cause are radically different; that is to
say, if two correlations have a common common cause, then the random events
involved stand in a probabilistic relation content of which is not exhausted by
the individual relations of the common causes to the correlations explained by

11



them. Formulated differently: The assumption that two correlations have a
common common cause is much stronger than the assumption that each of the
two correlations has its own common-cause, and, while Propositions 2.2 and 3.1
show that one cannot conclude exclusively on the basis of knowing the probabil-
ities of the events that common causes of correlations do not exist, knowing the
probabilities of the events involved one can exclude common common causes.
Being aware of this, one should be extremely cautious when requiring that an
explanation of a set of correlations should be in terms of a common common
cause: such a requirement should always be carefully argued. One has to bear
in mind in particular that RCCP has nothing to do with multiple correlations
and their (generally nonexistent) common common causes. This simple obser-
vation has far-reaching consequences in the case of the so- called “EPR type
corrections” (see [21], Chapter 11 in [22], [11] [12]. We return to this issue in
section 6.

Note that a necessary condition for two correlations (one possibly being
a negative correlation) to have a common common cause is known [14], no
necessary and sufficient conditions are known for n arbitrary correlations to
possess a common common cause. We formulate this as an open problem:

Problem 4.1 Find necessary and sufficient conditions for a finite set of corre-
lations to have a common cause!

5 Reichenbachian common cause systems

Confronted with a common cause incomplete probability space (S, p) in which a
direct causal influence between the correlated events is excluded, one can have
in principle two strategies in trying to save RCCP: One may try to argue that S
is not “rich enough” to contain a common cause but there might exist a larger
(S',p") that already contains a common cause of the correlation. We have seen
in section 2 that this strategy always works in the sense that it is always possible
to enlarge (S, p) in such a way that the enlarged space already contains an event
C that satisfies the Reichenbachian conditions.

Another natural idea is to suspect that the correlation between A and B
is not due to a single factor but may be the cumulative result of a (possibly
large) number of different “partial common causes”, none of which can in and
by itself yield a complete common-cause-type explanation of the correlation,
all of which, taken together, can however account for the correlation. To see
how such a notion of common cause system should be defined, let us recall that
it was Proposition 1.1 that showed in what sense a common cause explains a
correlation: from the assumption that A, B and C satisfy the Reichenbachian
conditions one can derive that A and B are correlated. Proposition 1.1 is a
direct consequence of the following elementary Lemma: (recall that the set of
events C; € S (i € I) is a partition of S if U;C; =S and C;NCj =if i # j.)
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Lemma 1: Let C; (i € I) be a partition of S and A, B € S arbitrary elements.
If p(A A B|C;) = p(A|Ci)p(B|C;) for alli € T then

p(AB) — p(A)p(B) = %ZP(COP(CJ')[P(AWO — p(A|C))][p(B|C;) — p(B|Cj)]
7 (27)
Applying Lemma 1 with C; = C and Cs = C* one sees that

p(AB) = p(A)p(B) = p(C)p(CH)[p(AIC) = p(AICH)][p(BIC) — p(BIC)] (28)

So the correlation between A and B is indeed positive if (3)-(4) hold. Eq.
(28) also shows, however, that for the correlation to be positive (3)-(4) are not
needed: positivity of the correlation is implied by the positivity of the right hand
side of (28); hence, what is decisive from the point of view of the explanatory
power of the common cause is that p(A4|C), p(A|Ct), p(B|C) and p(B|Ct)
determine the correlation between A and B.

Thus we see that the intuitive idea behind explaining a correlation by a
Reichenbachian common cause is that one should be able to cut up the statistical
ensemble by a pair of events (C and C') into two disjoint parts in such a way
that (i) the correlation disappears in both of the resulting subensembles (this is
expressed by the screening off conditions); and (ii) the probabilities conditioned
to these subensembles determine the correlation between A and B.

Explaining a correlation by a system of partial common causes could then
mean that one partitions the ensemble into more than two subensembles in such
a manner that

1. the correlation disappears in each of the subensembles

2. the totality of the “partial common causes” explains the correlation in the
sense of entailing it.

More precisely, the following definition of a Reichenbachian common cause
system seems a natural generalization of Reichenbach’s notion of a (single) com-
mon cause.

Definition 5.1 Let (S, p) be a probability space and A, B be two arbitrary events
in S. The partition C; (i € I) of S is a Reichenbachian common cause system
(RCC system for short) for the pair A, B if the following condition is satisfied

p(AABIC;) = p(AIC)p(BIC))  for all i €1 (29)

It is not difficult to see that there exist probability spaces that are common
cause incomplete but contain a Reichenbachian common cause system (see [14]).
In fact, a Reichenbachian common cause system always exists: if S is a finite
Boolean algebra, then the (finest) partition given by the single atoms is obviously
a Reichenbachian common cause system; what is more, this is a single common
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cause system which is also common for every possible set of correlations. If S
is not finite, hence not necessarily atomic, and (A;, B;) (i = 1,2,...n is a finite
set of correlated pairs in (S, p), then it is easy to see that the atoms of the finite
Boolean subalgebra generated by the set {4;, B;} is also a common common
cause system for the given set of correlations. This common cause system may
not be the finest one, of course.

6 Reichenbach’s common cause principle and EPR
correlations

Explaining the correlations predicted by quantum mechanics in the case of joint
quantum systems of the EPR-Bohm type has proved to be a major challenge
for RCCP. The correlations in question have been confirmed by actual exper-
iments, and these correlations are generally viewed as the only ones known to
threaten RCCP in the sense that allegedly no common cause type explanation
of these correlations seem possible that do not violate relativistic causality (see
for instance [43], [3]), for a more careful voice see [30], see also the quotation
from [29] at the end of this section.

Note, however, that it is not at all obvious how to link RCCP to quantum
mechanics because Reichenbach’s notion of common cause was defined in terms
of classical probability theory, not in terms of quantum mechanics. Hence, to
link RCCP to correlations predicted by quantum theory one has to do one of
two things: either to reformulate Reichenbach’s notion of common cause in
terms of non-classical (quantum) probability spaces, or to represent quantum
probabilities and quantum correlations in terms of classical probability theories.
We have seen that one can indeed reformulate Reichenbach’s notion in terms of
non-classical probability theory, and we also have seen that quantum probabil-
ity spaces more general than those needed to describe the EPR-Bohm scenario
are common cause completable (Proposition 3.1); so if one chooses this route,
we could then conclude that correlations in such spaces cannot falsify RCCP.
One can give strong arguments, however, that elements of a non-Boolean (in
particular: orthomodular) lattice (such as the lattice of projections of a Hilbert
space) cannot at all be interpreted as representatives of events that can occur in
a laboratory with definite relative frequency® and that therefore the proper rep-
resentation of the events in the experiments designed to measure EPR correla-
tions should be in terms of classical probability spaces. Such representations are
indeed possible: the idea is that “quantum probabilities” tr(AW) (with Hilbert
space projection A and density matrix W) are classical conditional probabilities
on condition that the event a of measuring the quantity represented by pro-

5Nonexistence of Boolean algebra homomorphisms or partial Boolean algebra homomor-
phisms (Kochen-Specker theorem) from a Hilbert lattice into a Boolean algebra is one such
argument; see [39] and [23] for some further discussion of this problem.
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Figure 2: The EPR experiment with spin—% particles

jection A is performed: tr(ﬁﬁ/\) = ﬂp%\)al, where A is the representative in a
Boolean algebra S of the outcome of the a-measurement and p is classical prob-
ability measure on S depending on W. (For a proof that such a representation
of a quantum probability space (P(H), W) always exist see [1] and [39].)

If, however, the EPR-Bohm system and its correlations are represented by
a classical probability space, then we can invoke Proposition 2.2 to argue that
any correlation might have a (possibly hidden) common cause. How can then
RCCP be possibly be threatened by these turned-classical EPR correlations?
The answer is: it cannot. RCCP, as it was formulated and interpreted with a
purely statistical common cause notion in Section 1 cannot be falsified by the
EPR correlation. Any attempt to falsify RCCP needs to impose some further
restrictions on the principle. Intuitively, those further restrictions should come
from linking RCCP to non-probabilistic causal relations between the singular
events that comprise the event types A, B and C. While it is not clear how to do
this in general, in the case of the EPR correlations we have some specific further
information about the non-probabilistic causal structure of the singular events
involved, and we can use this information to constrain the possible common
cause of the correlations. To formulate these, let us recall the EPR-Bell scenario.

We consider the four ‘spin-up’ events in the spin-component measurements in
directions @, @' and B, 5 (Fig. 2). There are random switches (independent
agents, if you want) choosing between the different possible measurements on
both sides. Let p (a),p(a'),p (b) and p (b') be arbitrary probabilities with which
the different measurements are chosen. The following event types are observed
in the experiment:

Ay, Al: the spin of the left particle is up in direction d,d detector fires
By, B! : the spin of the right particle is up in direction b,b" detector fires
a,a': the left switch chooses the direction @, a’

- =

b,b':  the right switch chooses the direction b, b’
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Let @, @' and _b>, T be coplanar vectors with Z (?, ?) =/ (?', ?I) =

/ (7,?1) = 120°, and / (ﬁ’,_b)) = 0. We observe the following relative

frequencies in the experiment:

) = () pBy) = 1p0)

Ay = b)) p(BLY) = ) )
P(A:By) = Ip@p)  p(A,By) = 0

PALBL) = Ip(p®)  p(ALBY) = Ep(@)p(b)

As we can see, there are correlations among the outcome events A, A/, and
B+, Bi{-

p(AAB) —p(A)p(B) = %p(a)p(b)
p(AAB') —p(A)p(B') = §P(G)P(b') (31)
p(A'AB') —p(A)p(B') = gp(a')p(t')
p(A'AB) —p(A)p(B) = —3p(a)p(b)

These are the notorious EPR correlations and the question is whether they
falsify RCCP.

According to RCCP, either there is a causal connection between the above
correlated events, or there is a common cause of the correlations. Let us see
whether common causes can exist under the following further requirements im-
posed on the events and on the hypothetical common cause (we shall interpret
these requirements once they are written down).

p(X) = p(X]2) p(a) = tr (WX) p(a) a2
p(¥) =p(Vy)p(y) = tr (W) p()
p(z Ay) = p(x)p(y) (33)
p(X Ay)=p(X)ply)
p(@ AY) = p (@) p(Y) (34)
pEAV)=p)p V)
p(UAY) = p(U)p(y) (85)
Cxy #X,Y (36)
if Cxy C X or Cxy D X then p(Cxy) # p(X) (37)
if Cxy CY or Cxy DY then p(Cxy) #p(Y)
p(XAY|Cxy) =p(X[Cxy)p(Y|Cxy) (38)
p (X A Y|C§Y) =p (X|C)L(Y) b (Y|C)L(Y)
0(XCxy)>0 0(XCxy) <0 | .
{ 5éyc§;) >0 } or { 5(YCrxy) < 0 } if (XY) >0 9)
0(XCxy) >0 0(XCxy)<0 ] .
{ 5 (Y Cxy) < 0 } or { 5(YCry) > 0 } if 5(XV) <0
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where Cxy denotes the hypothetical common cause of correlation §(XY) =
p(XAY)—p(X)p(Y), X =AAY =B,B'; x =a,d'; y =b,b, U is any event
in the backward light-cone of X, like Cxy, Cxy, ...Cas A (Cxp Va), ...and
V is any similar event in the backward light-cone of Y.

Interpretation of these conditions is the following.

1. Condition (32) expresses that quantum “probabilities” are now interpreted
as classical conditional probabilities.

2. The standard interpretation of (33) is that the event types “settings of the
instruments” in the left and right wings are statistically independent.

3. Condition (34) means that event type “outcome in the left (right) wing” is
statistically independent of event type “measurement setting in the right
(left) wing”.

4. Condition (35) is interpreted as expressing the intuition that all combi-
nations of the hypothetical common causes (as event types) should be
statistically independent of the measurement settings. Occasionally the
terminology of “excluding any mysterious conspiracy between the things
that determine the choices of the measurement setting and those that
determine the outcomes” is used to describe the content of this condition.

5. Condition (36) and (37) are just to exclude trivial common causes.

6. Conditions (38) and (39) are just repetitions of the familiar screening off
and statistical relevance conditions required of the common cause.

Also note that the probabilities p (a),p(a’),p (b) and p (b') are arbitrary, since,
apparently, the number of times a certain measurement settings is made is not
constrained in any way.

Problem 6.1 Do common causes Cxy satisfying the conditions (32)-(39) exist
for any choice of the probabilities p (a) ,p(a’),p(b) and p (V') ¢

While the exact solution of this problem is not known, computer calculations
indicate [40] that such common causes do not exist.

7 Closing comments on the status of Reichen-
bach’s Common Cause Principle

There exist both classical and quantum probability spaces that contain corre-
lations without containing proper common causes of the correlations; hence, if

one wants to maintain Reichenbach’s Common Cause Principle, one must be
able to claim that there exist “hidden” events (“hidden” in the sense of not
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being accounted for in the given event structure which is thus common cause
incomplete) that can be interpreted as the common causes of the correlations.
If such “hidden” common cause events exist, then there must exist an extension
of the original probability space, an extension that accommodates the common
causes, since otherwise there would be an irreconcilable tension between the
observable and unobservable world. Propositions 2.2 and 3.1 tell us that such
extensions are always possible. In other words, Propositions 2.2 and 3.1 show
that a necessary condition for a common cause explanation of correlations in
both classical and quantum event structures can always be satisfied. To put
this negatively: one cannot disprove Reichenbach’s Common Cause Principle
by proving that the necessary condition (common cause completability) for its
validity cannot be satisfied. To formulate this conclusion even more sharply,
we can say that if Reichenbach’s Common Cause Principle does not mean more
than formulated in Section 1, then this principle is not falsifiable by displaying
a common cause incomplete probability space.

It is generally accepted that the Reichenbachian conditions (1)-(4) are just
necessary conditions for an event to be accepted as a common cause. If an
event C' must satisfy also some Supplementary Conditions (in addition to the
Reichenbachian conditions) to qualify as a common cause, then a disproof of
Reichenbach’s Common Cause Principle requires establishing that there exists
no event whatsoever that satisfies both the Reichenbachian conditions and the
Supplementary Conditions. It goes without saying that such a disproof requires
first the specification of the Supplementary Conditions. Propositions 2.2 and
3.1 impose very strong restrictions on the possible mathematical specifications
of the Supplementary Conditions: these conditions cannot be formulated in
terms of the probabilities p(C), p(A|C), p(B|C), p(A|C*) and p(B|C*). This
is because the assumptions in Propositions 2.2 and 3.1 contain no restrictions
whatsoever on these probabilities — beyond the Reichenbach conditions. To put
this sharply we can say the following. Reichenbach’s Common Cause Principle
cannot be made falsifiable by amending it by conditions formulated in terms
of probabilities of the events involved, as long as these additional probabilistic
conditions are consistent with the Reichenbachian conditions.

The only way to make RCCP susceptible to a possible falsificationist attack
is to amend Reichenbach’s notion of common cause, for instance by relating
this notion to some non-probabilistic causal structure between singular events.
Specification of common causes of the particular EPR type correlations proceeds
along these lines. We have argued, however, that with these amendments the
problem of existence of common causes of the EPR correlations is still an open
problem.
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